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In this paper we investigate the problem of estimating thistel tree for a density supported on
or near a smootk-dimensional manifold/ isometrically embedded iR”. We analyze a modi-
fied version of &-nearest neighbor based algorithm recently proposed budbhai and Dasgupta
(2010). The main results of this paper show that under mdimptions onf and M, we obtain
rates of convergence that dependdoonly but not on the ambient dimensid@h Finally, we sketch
a construction of a sample complexity lower bound instanca hatural class ahanifold oblivious
clustering algorithms.

1 Introduction

In this paper, we study the problem of estimating the clusts of a density when the density
is supported on or near a manifold. ¥t := {X;,...,X,} be a sample drawn i.i.d. from a
distribution P with density f. The connected componeriig () of the upper level sefx : f(z) >
A} are calleddensity clustersThe collectionrC = {C;(X) : A > 0} of all such clusters is called the
cluster treeand estimating this cluster tree is referred taassity clustering

The density clustering paradigm is attractive for variogigsons. One of the main difficulties of
clustering is that often the true goals of clustering arectesr and this makes clusters, and clustering
as a task seem poorly defined. Density clustering howevestimating a well defined population
guantity, making its goal, consistent recovery of gapulationdensity clusters, clear. Typically
only mild assumptions are made on the dengitgnd this allows extremely general shapes and
numbers of clusters at each level. Finally, tthester treeis an inherently hierarchical object and
thus density clustering algorithms typically do not requspecification of the “right” level, rather
they capture a summary of the density across all levels.

The search for a simple, statistically consistent estimafahe cluster tree has a long history.
Hartigan (1981) showed that the popular single-linkagerilgm is not consistent for a sample
from R, with D > 1. Recently] Chaudhuri and Dasgupta (2010) analyzed anitigowhich is
both simple and consistent. The algorithm finds the condexdenponents of a sequence of care-
fully constructed neighborhood graphs. They showed tisdgray as the parameters of the algorithm
are chosen appropriately, the resulting collection of emted components correctly estimates the
cluster tree with high probability.

In this paper, we are concerned with the problem of estirgatie cluster tree when the density
f is supported on or near a low dimensional manifold. The ratitwm for this work stems from
the problem of devising and analyzing clustering algorghmith provable performance that can be
used in high dimensional applications. When data live in tdighensions, clustering (as well as
other statistical tasks) generally become prohibitiveffiadilit due to the curse of dimensionality,



which demands a very large sample size. In many high dimeakapplications however data is
not spread uniformly but rather concentrates around a lowedsional set. This so-called manifold
hypothesis motivates the study of data generated on orowalimensional manifolds and the study
of procedures that can adapt effectively to the intrinsimetisionality of this data.

Here is a brief summary of the main contributions of our pag#&y We show that the simple al-
gorithm studied in the papér Chaudhuri and Dasgupta (2@ @pmsistent and has fast rates of
convergence for data on or near a low dimensional manitdld The algorithm does not require
the user to first estimat&/ (which is a difficult problem). In other words, the algorittadapts to
the (unknown) manifold. (2) We show that the sample compjeer identifying salient clusters is
independent of the ambient dimension. (3) We sketch a agi®in of a sample complexity lower
bound instance for a natural class of clustering algorittimswe study in this paper. (4) We intro-
duce a framework for studying consistency of clustering mitie distribution is not supported on
a manifold but rather, is concentrated near a manifold. Treegative model in this case is that the
data are first sampled from a distribution on a manifold arsh thoise is added. The original data
are latent (unobserved). We show that for certain noise leode can still efficiently recover the
cluster tree on thiatentsamples.

1.1 Related Work

The idea of using probability density functions for clugtgrdates back to Wishalrt Wishart (1969).
Hartigan (1981) expanded on this idea and formalized themstof high-density clustering, of
the cluster tree and of consistency and fractional comsigtef clustering algorithms. In partic-
ular,/Hartigan|(1981) showed that single linkage clusteitconsistent whe® = 1 but is only
fractionally consistent wheP > 1.Stuetzle and R\ (2010) ahd Stuetzle (2003) have also pedpos
procedures for recovering the cluster tree. None of thesegpiures however, come with the theoret-
ical guarantees given by Chaudhuri and Dasgupta (2010ghaemonstrated that a generalization
of Wishart’s algorithm allows one to estimate parts of thestdr tree for distributions with full-
dimensional support near-optimally under rather mild egstions. This paper forms the starting
point for our work and is reviewed in more detail in the nexdtgm.

In the last two decades, much of the research effort invgltire use of nonparametric density
estimators for clustering has focused on the more speethfiroblems of optimal estimation of the
support of the distribution or of a fixed level set. Howevensistency of estimators of a fixed level
set does not imply cluster tree consistency, and extentliedeichniques and analyses mentioned
above to hold simultaneously over a variety of density evglnon-trivial. See for example the
papers Polonik (1995); Tsybakav (1997); Walther (1997)evas and Fraiman (1997); Cuevas et al.
(2006);[ Rigollet and Vert (2009); Maier etlal. (2000); Sirgghal. (2009)| Rinaldo and Wasserman
(2010); Rinaldo et all (2012), and references therein.nkzging the cluster tree has more recently
been considered by Kpotufe and von Luxburg (2011) who alge gisimple pruning procedure
for removing spurious clusters. Steinwart (2011) and Suipdudur and Steinwart (2012) propose
procedures for determining recursively the lowest splithe cluster tree and give conditions for
asymptotic consistency with minimal assumptions on thesitign

2 Background and Assumptions

Let P be a distribution supported on an unknowsdimensional manifold//. We assume that the
manifold M is ad-dimensional Riemannian manifold without boundary emleeldd a compact set
X C RP with d < D. We further assume that the volume of the manifold is bourfided above by
a constant, i.eyol; (M) < C. The main regularity condition we impose a1 is that its condition
number be not too large. Thendition numbeof M is 1/7, wherer is the largest number such
that the open normal bundle abaut of radiusr is imbedded ifR? for everyr < 7. The condition
number is discussed in more detail in the paper Niyogi eP808).

The Euclidean norm is denoted By || andv, denotes the volume of thedimensional unit ball in
R?. B(x,r) denotes the full-dimensional ball of radiugentered at and By, (xz,r) == B(z,r) N



M. ForZ c R?ando > 0, defineZ, = Z + B(0,0) andZy; » = (Z + B(0,0)) N M. Note that
Z is full dimensional, while ifZ C M thenZ,, , is d-dimensional.

Let f be the density o with respect to the uniform measure 8h. For A > 0, let C¢(\) be the
collection of connected components of the level{geE X : f(x) > A} and define theluster tree
of f to be the hierarch¢g = {C;(\) : A > 0}. For a fixed), any member ofC;()) is a cluster.
For a clustelC its restriction to the samplX is defined to be&”[X] = C' N X. The restriction of
the cluster tre€ to X is defined to b&[X] = {C NX : C € C}. Informally, this restriction is a
dendrogram-like hierarchical partition &f.

To give finite sample results, following Chaudhuri and Daggu2010), we define the notion of
salient clusters. Our definitions are slight modificatiohthose in_ Chaudhuri and Dasgupta (2010)
to take into account the manifold assumption.

Definition 1 ClustersA and A’ are (o, ¢) separated if there exists a nonempty_ M such that:

1. Any path alongV/ from A to A’ intersectsS.
2. SUpgeg,, . fl@)<(l—¢) ianGAAI,oUA/ILLU f(z).

Chaudhuri and Dasgupta (2010) analyze a robust singledmk®&SL) algorithm (in Figurgl1). An
RSL algorithm estimates the connected components at a lewvetwo stages. In the first stage,
the sample i<leanedby thresholding thé:-nearest neighbor distance of the sample points at a
radiusr and then, in the second stage, the cleaned samplenisectedat a connection radiug.

The connected components of the resulting graph give amagtiof the restrictiol© ¢ (A)[X]. In
Sectiori 4 we prove a sample complexity lower bound forclass of RSL algorithmahich we now
define.

Definition 2 Theclass of RSL algorithmsgefers to any algorithm that is of the form described in
the algorithm in Figuré 1L and relying on Euclidean balls, kitny choice ok, r and R.

We define two notions of consistency for an estimatof the cluster tree:

Definition 3 (Hart|gan consistency) For any setsd, A’ C X, let A,, (resp.,A’,) denote the small-

est cluster of containingA N X (resp,4’ N X). We sa;C is consistent if, whenevet and A’ are
different connected components{of : f(z) > A} (for someX > 0), the probability thatA4,, is
disconnected from/, approached asn — cc.

Definition 4 ((c, €) consistency) For any setsd, A’ C X such that4 and A’ are (o, ¢) separated,

let 4,, (resp.,A},) denote the smallest cIuster@fcontamlngA N X (resp,A’ N X). We say} is
consistent if, whenevet and A’ are different connected componentsof: f(z) > A} (for some
A > 0), the probability thatA,, is disconnected from!, approached asn — cc.

The notion of(a, €) consistencys similar that of Hartigan consistency except restriceddt, ¢)
separated clusters and A’.

Chaudhuri and Dasgupta (2010) prove a theorem, estalgiginite sample bounds for a particular
RSL algorithm. In their result there is no manifold afidgs a density with respect to the Lebesgue
measure ofR”. Their result in essence says that if

>0 D 1 D

n (6]

- Ae?vp(o/2)P & Ae?vp(o/2)P

then an RSL algorithm with appropriately chosen paramei@nsresolve any pair db, ) clusters
at level at least\. It is important to note that this theorem does not apply ® gbtting when
distributions are supported on a lower dimensional settfteast two reasons: (1) the densjtyis
singular with respect to the Lebesgue measuretoand so the cluster tree is trivial, and (2) the
definitions of saliency with respect t6 are typically not satisfied whefihas a lower dimensional
support.



1. For eachX;, ri(X;) := inf{r : B(X;,r) containsk data point$.
2. Asr grows from 0 toco:

(a) Construct a grapl,. g with nodes{X; : r,(X;) < r} and edgesX;, X;) if
X — X < R.
(b) LetC(r) be the connected components®f .

3. Denotel = {C(r) : r € [0,00)} and returrC.

Figure 1: Robust Single Linkage (RSL) Algorithm

3 Clustering on Manifolds

In this section we show that the RSL algorithm can be adapiegdover the cluster tree of a
distribution supported on a manifold of dimensién< D with the rates depending only e@h In
place of the cluster salience parameteour rates involve a new paramejer

—in (30 T T
P\ 16772416 )
The precise reason for this definition @fwill be clear from the proofs (particularly of Lemrb& 7)
but for now notice that in addition te it is dependent on the condition numlégr and deteriorates
as the condition number increases. Finally, to succinatsent our results we uge:= logn +
dlog(1/p).

Theorem 5 There are universal constants, andC» such that the following holds. For ary> 0,
0 < € < 1/2, run the algorithm in Figur€Il on a sampl drawn fromf, where the parameters are
set according to the equations

R=4p and k= Cylog®(1/8)(u/€?).

Then with probability at least— 4, C is (o, ¢) consistent. In particular, the clusters containingX|
and A’[X], whereA and A’ are (o, €) separated, are internally connected and mutually discotete
in C(r) for r defined by

n

1 kE Cylog(1/0)
dy 2 log /T,
Udr)\_le/6< + n k,u)

i 2 k
provided\ > vl

Before we prove this theorem a few remarks are in order:

1. To obtain an explicit sample complexity we plug in the eabf £ and solve fom from the in-
equality restricting\. The sample complexity of the RSL algorithm for recoveringe) clusters
at level at leash on a manifold)M with condition number at modt/r is

d d
=0 1
" ()\ezvdpd 8 )\eQUdpd>

wherep = C'min (o, e7/d, 7). Ignoring constants that depend éthe main difference between
this result and the result of Chaudhuri and Dasgupta (2GL@)at our results only depend on
the manifold dimensiod and not the ambient dimensidn (typically D > d). There is also a
dependence of our result ari(e7)?, for er < o. In Sectiori#t we sketch the construction of an
instance that suggests that this dependence is not arcadifaur analysis and that the sample
complexity of the class of RSL algorithms is at least 1/(er)2(),

2. Another aspect is that our choice of the connection raRlidepends on the (typically) unknown
p, while for comparison, the connection radius in Chaudhud Basgupte (2010) is chosen to be




V2r. Under the mild assumption that< n°( (which is satisfied for instance, if the density
on M is bounded from above), we show in Appenfix]A.8 that an idahtiheorem holds for
R = 4r. k is the only real tuning parameter of this algorithm whosd@hdepends onand an
unknown leading constant.

3. It is easy to see that this theorem also establishes tensysfor recovering the entire cluster
tree by selecting an appropriate scheduleogne,, and k,, that ensures thadll clusters are
distinguished for large enough (see Chaudhuri and Dasgupta (2010) for a fquroaf).

Our proofs structurally mirror those iin Chaudhuri and Dase2010). We begin with a few tech-
nical results in3]1. In Sectidn 3.2 we establ{she) consistency by showing that the clusters are
mutually disjoint and internally connected. The main téchhchallenge is that the curvature of the
manifold, modulated by its condition numbkfr, limits our ability to resolve the density level sets
from a finite sample, by limiting the maximum cleaning andmection radii the algorithm can use.
In what follows, we carefully analyze this effect and shoattiomewhat surprisingly, despite this
curvature, essentially the same algorithm is able to adafite unknown manifold and produce a
consistent estimate of the entire cluster tree. Similarifolhadaptivity results have been shown in
classification Dasgupta and Freund (2008) and in non-pdremnegression Kpotufe and Dasgupta
(2012); Bickel and L.il(2006).

3.1 Technical results

In our proof, we use the uniform convergence of the empircass of Euclidean balls to their true
mass. In the full dimensional settinglof Chaudhuri and Datg(R010), this follows from standard
VC inequalities. To the best of our knowledge however shamphent dimension independent)
inequalities for manifolds are unknown. We get around thistacle by using the insight that, in
order to analyze the RSL algorithms, uniform convergenceéfaclidean balls around theample
pointsand around dixed minimuns-net\ of M (for an appropriately choser) suffice to analyze
the RSL algorithm.

Recall, ans-net NV C M is such that every point o¥/ is at a distance at mostfrom some point
inN. Let B, n := {B(z, s) : ze NUX,s > 0} be the collection of balls whose centers are
sample or net points. We now state our uniform convergermenke The proof is in Append[xAlL3.

Lemma 6 (Uniform Convergence) Assumes > . Then there exists a constafiy such that the
following holds. For every > 0, with probability> 1 — ¢, for all B € B,, »r, we have:

P(B)> —/— = P,(B)>0

)

k k
PB)> 5+ S = Pup) 2t
n n n
k k
PBy <t %w//w — PB<l

whereCs := 2Cylog(2/6), andp := 1 + logn + log|NV| = Cd + logn + dlog(1/s). Here
P, (B) = |Xn B|/n denotes the empirical probability measureffandC is a universal constant.

Next we provide a tight estimate of the volume of a small batkkisected with\/. This bounds
the distortion of the apparent density due to the curvatfitbeomanifold and is central to many of
our arguments. Intuitively, the claim states that the vatsmapproximately that of édimensional
Euclidean ball, provided that its radius is small enough pared tor. The lower bound is based
on Lemma 5.3 of Nivogi et all (2008) while the upper bound isdubon a modification of the main
result of Chazal (2013).

Lemma 7 (Ball volumes) Assume- < 7/2. DefineS := B(z,r) N M for a pointz € M. Then

2\ 42 - d
(1 — 472> var® < volg(S) < vy (T — 27’1) r(li,
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wherery =17 — 74/1 — 2r/7. In particular, ifr < er/72d for 0 < e < 1, then
var(1 — €/6) < volg(S) < vard(1+ €/6).

3.2 Separation and Connectedness

Lemma 8 (Separation) Assume that we pidk r and R to satisfy the conditions:
r < P R= 4P,

var (1—6/6)\>ﬁ+ 5\/ , var®(1+ €¢/6)A(1 — ¢ <§f \/

Then with probabilityl — &, we have: (1) All points i,_,. and A/ are kept, and all points in
S, are removed. (2) The two point sets) X and A’ N X are disconnected i, x.

Proof. The proof is analogous to the separation proaf of Chaudmarizasgupta (2010) with sev-
eral modifications. Most importantly, we need to ensure dlespite the curvature of the manifold
we can still resolve the density well enough to guaranteewieacan identify and eliminate points
in the region of separation.

Throughout the proof, we will assume that the good event imial® (uniform convergence for
Bn,N) occurs. Sincer < er/72d, by Lemma¥vol(Bs(z, 7)) is betweenvdrd(l — ¢/6) and
vard(14¢€/6), foranyx € M. SoifX; € AUA’, thenB,(X;,r) has mass at leagr?(1—¢/6)-\
Since this is> £ 4 & -5.\/k . by assumption, this ball contains at leassample points, and hence
X; is kept. on the other hand, KX; € S,_,, then the sefB,;(X;,r) contains mass at most
var®(1+¢€/6) - A(1—e¢). Thisis< £ — € /kp. Thus by Lemmal@B,, (X;, r) contains fewer than
k sample points, and hencg is removed.

To prove the graph is disconnected, we first need a bound ogetbéesic distance between two
points that are at mogR apart in Euclidean distance. Such an estimate follows froop&sition
6.3 inlNiyogi et al. (2008) who show that ifp — ¢|] = R < 7/2, then the geodesic distance

dr(p,q) < 7—74/1— 2 In particular, ifR < /4, thendy(p,q) < R (1+ &) < 2R. Now,

notice that if the graph is connected there must be an edgedhaects two points that are at a
geodesic distance of at leaXtr — r). Any path between a point id and a point inA” along M
must pass through,, . and must have a geodesic length of at |@dst— r). This is impossible if
the connection radius satisfi2® < 2(¢ — r), which follows by the assumptions erand R. [J

All the conditions in LemmAl8 can be simultaneously satidfigdettingk := 16CZ(u/€?), and

vdrd(1—6/6)~)\:%+%\/m. 1)

The condition orr is satisfied since. > vfpdg and the condition o is satisfied by its definition.

Lemma 9 (Connectedness)Assume that the parametetsr and R satisfy the separation condi-
tions (in Lemmal8). Then, with probability at ledst- ¢, A[X] is connected ifi7, g.

Proof. Let us show that any two points i N X are connected i, . Considery,y’ € AN X.
SinceA is connected, there is a pathbetweeny, 3’ lying entirely insideA, i.e., a continuous map
P :[0,1] — AsuchthatP(0) = y andP(1) = y'. We can find a sequence of poigts ...,y € P
such thatyy = y, y;: = v/, and the geodesic distance &1 (and hence the Euclidean distance)
betweery; 1 andy; is at mosty, for an arbitrarily small constant

Let NV be minimalR/4-net of M. There exist; € A such that|y; — z;|| < R/4. Sincey; € A, we
havez; € Ay /4, @and hence the balBy, (z;, R/4) lies completely insided; /2 € Arro—r. In
particular, the density inside the ball is at leastiverywhere, and hence the mass inside it is at least

va(R/A)H(1 — ¢/6)A > %



Observe thaf? > 4r and so this condition is satisfied as a consequence of sagsBquatior{ L.
Thus Lemmdl6 guarantees that the b8l (z;, R/4) contains at least one sample point, say
(Without loss of generality, we may assumg= y andz; = y’.) Since the ball lies completely in
Anro—r, the sample point; is not removed in the cleaning step (Lemha 8).

Finally, we boundd(x;_1, ;) by considering the sequence of poifis_1, z;—1, Yi—1, Yi, Zi, Zi)-

The pair(y;—1,y;) are at mosts apart and the other successive pairs at nfost apart, hence
d(xi—1,2;) < 4(R/4) + n = R+ n. The claim follows by letting;) — 0. O

4 A lower bound instance for the class of RSL algorithms

Recall that the sample complexity in Theoréin 5 scales as O (Aeggdpd log A62,‘lf(”)d> where
p = Cmin(o,e7/d, 7). For full dimensional densities, Chaudhuri and Dasgupf.(2 showed
the information theoretic lower bound = Q (/\EzleUD log /\e%lmD) . Their construction can be

straightforwardly modified to d-dimensional instance on a smooth manifold. Ignoring camtst
that depend od, these upper and lower bounds can still differ by a factor/gé7)?, for e < 0.

In this section we provide an informal sketch of a hard instdior the class of RSL algorithms (see
Definition[2) that suggests a sample complexity lower bound & 1/(er)?(®),

We first describe our lower bound instance. The manifdidonsists of two disjoint components,
andC’ (whose sole function is to ensufentegrates to 1). The componefitin turn contains three
parts, which we call ‘top’, ‘middle’, and ‘bottom’ respeetily. The middle part, denotel/s, is the
portion of the standard-dimensional unit spherg?(0,1) between the planes;, = ++/1 — 472
andz; = —V/1 —472. The top part, denoted/;, is the upper hemisphere of radis centered
at(++v1—472,0,0,...,0). The bottom part, denotetls, is a symmetric hemisphere centered at
(=v1—1472,0,0,...,0). ThusC is obtained by gluing a portion of the unit sphere with two &in
hemispherical capsC as described does not have a condition number at infesbecause of the
“corners” at the intersection aff;, and M; U M3. This can be fixed without affecting the essence
of the construction by smoothing this intersection by ngla ball of radius- around it (a similar
construction is made rigorous in Theorem € of Genovese ¢2@12)). LetP be the distribution
on M whose density ovef' is A if |z1]| > 1/2, and\(1 — €) if |x1| < 1/2, where is chosen
small enough such thatvol,;(C) < 1. The density ove€” is chosen such that the total mass of the
manifold is1. Now M; and M3 are(o, €) separated at level for o = Q(1). The separator sét is

the equator of\/5 in the planer; = 0.

We now provide some intuition for why RSL algorithms will e n > 1/(er)?(?) to succeed on
this instance. We focus our discussion on RSL algorithmk kit- 2, i.e. on algorithms that do in
fact use acleaningstep, ignoring the single linkage algorithm which is knowtbe inconsistent for
full dimensional densities. Intuitively, because of thevature of the described instance, the mass
of a sufficiently large Euclidean ball in the separator sddiiger than the mass of a corresponding
ball in the true clusters. This means that any algorithmukas large balls cannot reliably clean the
sample and this restricts the size of the balls that can ke déew if points in the regions of high
density are to survive then there mustibeample points in themallball around any point in the
true clusters and this gives us a lower bound on the necesaaple size.

The RSL algorithms work by counting the number of sample tgairside the ball®3(z, r) centered

at the sample points, for some radius. In order for the algorithm to reliably resolvye, ¢) clusters,

it should distinguish points in the separatorSet M, from those in the level clustersh/; UM3. A
necessary condition for this is that the mass of a Bé#t, ) for z € S,_, should be strictly smaller
than the mass insid8(y,r) for y € M; U Ms. In Appendix[A.4, we show that this condition
restricts the radius to be at mosO(7+/¢/d). Now, consider any sample poimt in M; U M3
(such anz exists with high probability). Since, should not be removed during the cleaning step,
the ball B(xzg,r) must contain some other sample point (indeed, it must corgtieastt — 1
more sample points). By a union bound, this happens withgitity at most(n — 1)vgri\ <



O(d=%2n7%/2)). If we want the algorithm to succeed with probability at lea& (say) then
n > (L/z) .

Td\ed/2

5 Cluster tree recovery in the presence of noise

So far we have considered the problem of recovering thearltige given samples from a density
supportedon a lower dimensional manifold. In this section we extend ¢hessults to the more
general situation when we havmisy samples concentratatkar a lower dimensional manifold.
Indeed it can be argued that the manifold + noise model is @aralaand general model for high-
dimensional data. In the noisy setting, it is clear that we icder the cluster tree of throisy
density in a straightforward way. A stronger requirementiddbe consistency with respect to
the underlyingatent sample. Following the literature on manifold estimatioral@krishnan et al.
(2012); Genovese etlal. (2012)) we consider two main noisgefsoFor both of them, we specify a
distribution( for the noisy sample.

1. Clutter Noise: We observe datd7, ...,Y, from the mixtureQ := (1 — «)U + =P where

0 < w < 1andU is a uniform distribution orit'. Denote the samples drawn frabin this mixture

X ={Xi,...,X.n}. The points drawn froni/ are called background clutter. In this case, we can
show:

Theorem 10 There are universal constantg andC- such that the following holds. For ady> 0,
0 < € < 1/2, run the algorithm in Figuréll on a samp{é&7, ..., Y, }, with parameters

R:=4p k:=Clog*(1/06)(u/e?).

Then with probability at least — 6, Cis (0,¢€) consistent. In particular, the clusters containing
A[X] and A'[X] are internally connected and mutually disconnecte@ in) for r defined by

1 k. Cylog(1/4)
d 2 108 /
varA 1—¢/6 (n n )

5 2 d/D 1— d/D
provided\ > max{ Qdﬁ, 2oy " (A-—m)Y (5
aps n n

vqed/ P

)1—d/D} wherep is now slightly modified (in con-

stants), i.e.p := min (2, <5, ).

2. Additive Noise The data are of the forivi; = X;+n; whereXy,..., X,, ~ P,andny,...,n, are
a sample fromanybounded noise distributio®, with n; € B(0, 6). Note thatQ is the convolution
of Pand®,Q = P x .

Theorem 11 There are universal constantg andC- such that the following holds. For ady> 0,
0 < e < 1/2, run the algorithm in Figuréll on the samp{&7, ..., Y, } with parameters

R:=5p k:=Cylog*(1/0)(u/e?).

Then with probability at least — 8, C is (0, ¢€) consistent fof < pe/24d. In particular, the clusters
containing{Y; : X; € A} and{Y; : X; € A’} are internally connected and mutually disconnected
in C(r) for r defined by

var?(1 — €/12)(1 — €/6) A f

and9 < pe/24d, wherep := min (% 7 )

if A > 7’24’144d

_1))

The proofs for both Theorerbs]10 dnd 11 appear in AppéndixMdfice that in each case we receive
samples from dull D-dimensional distribution but are still able to achieveesaindependent ab
because these distributions are concentrated aroundvilee thimensionall/. For the clutter noise
case we produce a tree that is consistent for samples drawnHr(which areexactlyon M), while

in the additive noise case we produce a tree on the obséfeedhich is(o, €) consistent for the
latent X;s (for 8 small enough). It is worth noting that in the case of clutterse we can still
consistently recover thentire cluster tree. Intuitively, this is because thdéN distances for points
on M are much smaller than for clutter points that are far awanfid. As a result the clutter noise
only affects a vanishingly low level set of the cluster tree.



References

S. Balakrishnan, A. Rinaldo, D. Sheehy, A. Singh, and L. Wasseriarimax rates for homology inference.
AISTATS2012.

P. Bickel and B. Li. Local polynomial regression on unknown mangolth Technical report, Department of
Statistics, UC Berkeley006.

K. Chaudhuri and S. Dasgupta. Rates of convergence for the ctosger In J. Lafferty, C. K. I. Williams,
J. Shawe-Taylor, R. Zemel, and A. Culotta, editédrdyances in Neural Information Processing Systems 23
pages 343-351. 2010.

F. Chazal. An upper bound for the volume of geodesic balls in subnidsiddeuclidean spaceBersonal Com-
munication, available at http://geometrica.saclay.inria.fr/team/Fred.@HBallVolumeJan2013.pd2013.

A. Cuevas and R. Fraiman. A plug-in approach to support estimafianals of Statistic25(6):2300-2312,
1997.

A. Cuevas, W. Gonzélez-Manteiga, and A. Rodriguez-Casal. Plugtimation of general level setéwust. N.
Z.J. Stat.48(1):7-19, 2006.

S. Dasgupta and Y. Freund. Random projection trees and low dimehsiandolds. INSTOG pages 537-546.
2008.

C. R. Genovese, M. Perone-Pacifico, |. Verdinelli, and L. WasserivbBnimax manifold estimationJournal
of Machine Learning Research3:1263-1291, 2012.

J. A. Hartigan. Consistency of single linkage for high-density clustdmirnal of the American Statistical
Association 76(374):pp. 388—-394, 1981.

S. Kpotufe and S. Dasgupta. A tree-based regressor that adaptsnsiéntimension.J. Comput. Syst. Sci.
78(5):1496-1515, 2012.

S. Kpotufe and U. von Luxburg. Pruning nearest neighbor clustestri L. Getoor and T. Scheffer, editors,
Proceedings of the 28th International Conference on Machine Leai(h@gL-11), ICML '11, pages 225—
232. ACM, New York, NY, USA, 2011.

M. Maier, M. Hein, and U. von Luxburg. Optimal construction of k-restrneighbor graphs for identifying
noisy clustersTheor. Comput. Sgi410(19):1749-1764, 2009.

P. Niyogi, S. Smale, and S. Weinberger. Finding the homology of sutfotds with high confidence from
random sampledDiscrete & Computational Geometrg9(1-3):419-441, 2008.

W. Polonik. Measuring mass concentrations and estimating density cahigters: an excess mass approach.
Annals of Statistic23(3):855-882, 1995.

P. Rigollet and R. Vert. Fast rates for plug-in estimators of density leatsl 8ernoulli 15(4):1154-1178,
20009.

A. Rinaldo, A. Singh, R. Nugent, and L. Wasserman. Stability of densiset clusteringlournal of Machine
Learning Researchl3:905-948, 2012.

A. Rinaldo and L. Wasserman. Generalized density clusterifige Annals of Statistic88(5):2678-2722,
2010.10907. 3454.

A. Singh, C. Scott, and R. Nowak. Adaptive {H}ausdorff estimation efsity level sets. Ann. Statist.
37(5B):2760-2782, 2009.

B. K. Sriperumbudur and I. Steinwart. Consistency and rates for clogtevith dbscan.Journal of Machine
Learning Research - Proceedings Tra2R:1090-1098, 2012.

I. Steinwart. Adaptive density level set clusteridgurnal of Machine Learning Research - Proceedings Track
19:703-738, 2011.

W. Stuetzle. Estimating the cluster tree of a density by analyzing the minimahsyatree of a samplelJ.
Classification 20(1):025-047, 2003.

W. Stuetzle and N. R. A generalized single linkage method for estimating teeectnee of a densitylournal
of Computational and Graphical StatisticE9(2):397-418, 2010.

A. B. Tsybakov. On nonparametric estimation of density level s&ts1. Statist.25(3):948-969, 1997.
G. Walther. Granulometric smoothingnnals of Statistics25(6):2273—2299, 1997.

D. Wishart. Mode analysis: a generalization of nearest neighbor wadtkces chaining. IRroceedings of the
Colloquium on Numerical Taxonomy held in the University of St. Andneages 282—-308. 1969.


0907.3454

A Additional proofs

In this section we first prove some technical lemmas befatiagyfull proofs of various claims made
in the paper.

A.1 Volumeestimates for small balls on manifolds

Theorem 12 If
<
"= 124

for0 <e < 1then
vgr? (1 — €) < vol(S) < vgr? (1+¢).
Proof. The lower bound follows frorm Niyvogi et al. (2008) (Lemma 5w)o show that

Lemmal3 Forr < §

T2 d/2
vol(S) > (1 - > vgre.

472
The upper bound follows from Chazal (2013) who shows that

Lemmal4 Forr < 3

d
-
1(S) < d
vol(S) < vg <7'2a> «

2.
oz:Tfﬂ/lf—T.
T

To produce the result of the theorem we will need some camefulipulation of these two lemmas.
In particular, we need the following estimates

where

Lemma 15
f@)=0-o)?21-2 -2’

if0<az<3.

flz)=04+2)" <1+ 2nx
if0<az<5-.

f@)=1—-z)" ' <142z
ifo<az<1/2

flz)=1-2)">1-2nx
if0<az<-.

The proof of this lemma is straightforward based on appratioms via Taylor's series and we omit

them.
4r
ar({l+—
-

if » < 7. Now, using this also notice that

Using Lemm#Ib we have




where the second inequality follows from Lemma 15 i /8.
Combining these we have the following:

forallr < g

d r2 /2 d 6r d
vqr (1 - 47_2> < vol(S) < war <1 + T)

The final result now follows another application of Lemimé& B5each side of this inequalitiz

A.2 Bound on covering number

We need the following bound on the covering number of a méhif&ee the paper Niyogi etlal.
(2008) (p. 16) for a proof.

Lemma 16 For s < 27, thes-covering number of/ is at most
volg(M) <0 volg(M)c?
cos?(arcsin(s/47))vg(s/2)* —

for an absolute constant In particular, if vol; (M) is bounded above by a constant, theovering
number of)M is at mostO(c?/(vys?)).

Proof. We prove only the second claim. Fer< 27, we havearcsin(s/47) < 7/6, and hence
cos(arcsin(s/47)) > +/3/2. Plugging this in the bound, we get
d
V| < volg(M)(2/v/3) 7
va(s/2)

which gives the claim witl = 4/+/3. O

A.3 Uniform convergence

In this subsection, we prove uniform convergence for badistered on sample and net points
(Lemma[®). Consider the family of balls centered at a fixedpai B, := {B(z,s) s> 0}.
This collection has VC dimensioh Thus with probabilityl — §’, it holds that for evenB € B.,

we have
_ {P(B)—PTL(B) P(B)—Pn<B)} ~5 \/log(2n>+log<4/6’)

where P(B) is the true mass oB, andP,,(B) = |X N B|/n is its empirical measure. By a union
bound over alk € N, settingd’ := §/(2|NV]), the following holds uniformly for every € A and
everyB € B, with probability1 — §/2:

s { PO PalB) PB)— PalB)Y gl og BN/

VPB) = J/Pu(B) n

To provide a similar uniform convergence result for ballsteeed at a sample poid;, we consider
the (n — 1)-subsampleX”~' of X obtained by deleting\; from the sample. LeP ' be the
empirical probability measure of this subsample:

1
Pooy(B) = — ZH[Xi € BJ.
J#i
It is easy to check thal, _; is uniformly close taP,. In particular, for every seB containingX;,
we have

)

Pur(B) < Pa(B) < P a(B) + @)

11



Now, with probability at least — 6/(2n), for any ballB centered af(;,

P(B)— Po_1(B) < 2\/log(2n —n2)_4ilog8n/6 VP,
Py \(B)— P(B) < 2\/log(2n fn2)_+1 log 8n/d 71 (B).

Using [2), we get
P(B) — P,(B) < 2\/log(2n —2) +110g 8n/3
n J—

P,(B) — p(B)<2\/10g(2n—2)+log8n/5 \/7+7

n—1
By a union bound over alX; € X, we get the claimed inequalities for all sample points with
probability1l — §/2.

P(B),

Putting together our bounds for balls around sample andaietsy with probability at least — 4,
it holds that for allB € B, »r, we have

P(B) - Po(B) < O/ Y - /)

P.(B) - P(B) < o(\/m) \/7+ 1

for u = 1+ logn + log [N| = O(d) + logn + dlog(1/s) (using LemmﬂG). The lemma now
follows using simple manipulations of these inequalitisse( Chaudhuri and Dasgupta (2010) for
details).

A.4 Sketch of thelower bound instance

The following lemma gives an estimate of the volume of thensgction of a small ball with a
sphere.

Lemma 17 (Volume of a spherical cap) Supposes? is a d-dimensional sphere of radius (em-
bedded inR4+1), and letz € S?. Then, for small enough, it holds that

2 4
dy _od (1. " r
volg(B(z,r) NS) = vgr (1 Cd 3 + Od(7_4))

wherec, = dggji Note thate; < 0, c; = 0, andey > 0 for all d > 3.

In this section, we prove Lemniall7. The heightf the cap can be easily checked to be equal to
h = 72 /27. Now, the volume of the cap is given by the formula

,/T(dJrl)/QTd
Veap = Wja(d/27 1/2>

where the parameter is defined by

27’h h? r2 1 i
T -2 472 )"

Furtherl, (-, -) represents the incomplete beta function:

I(z,w) = Bl(go(ééziuq;})
B foa w1 —w)* " tdu
B(z,w)
o I‘(z—|—w) “ z—1 w—1
=TT (w) /0 T (1 —w)¥ " du.

12



Thus,
N ald+1)/2.,d . I'((d+1)/2)) [ w211 — ) 24u
“PTT((d+1)/2) T(d/2)T(1/2) /0 o

/27 / p
_ /271(17 )71/2d
u u u
I'(d/2) Jo

d «
= dv%/ u??7 11— w) "V 2du.
0

Sincea — 0 asr — 0, we can approximate the integral by expanding the integesnd Taylor
series aroun@:

d %
Veap = dU;T /o u?/?1 (1 +u/2+ O(uz))du

dogt?® (a?? 1 a¥/?t]
T2 (d/Q +§d/2+1

+ O(ad/2+2)>

= vgrlad/? (1 + 2(d6:— 2)a + O(aQ))> .

2

Finally, usinga := %5 (1 — :—Z), we get

2\ 4/2 2 4

d T dr (r)

cap = -] (1455 55+0(5
Peap = V¥ ( 4T2> < Taarye TOa

dr? dr? T

d

= B T T A r
vdr ( 872 T 2(d+2)r? +Od(74)> ’

which simplifies to the claimed estimate.

We now show that it must be the case that O(7+/¢/d). We argued that for the algorithm to
reliably resolve thdo, €) separated cluster®; and M3, anr-ball around a sample point ifi, .
must have mass appreciably smaller than those around points. By the previous lemma, the
two kinds of balls have volumes

2

r
Ude (1 — Cd172 + Od(

2 4 2 4
d r r N d r r
vgr (1_Cd47'2+0d(]_67'4>> = Vqr (1—Cd47_2+0d(7_4)> .

Thus we must have

et
14)> = vgrd (1 —cqr? + Od(r4))

and

2 4

vgriuogre (1 —cqr® + Od(7'4)) A1 =€) < vgr? (1 - Cd# + Od(:‘*)) A

This implies thatr? < O (%). Hence ifr < 1/4, we haver < 74/¢/c¢q. Plugging in

cqa = Q(d) gives us the claim.

A.5 Clustering with noisy samples
A.6 Proof of Theorem[IQ

As before we begin by showing separation followed by a prdafomnectivity. Recall thap :=

min (%, 753, 57)-

13



Lemma 18 (Separation) Assume that we pidk » and R to satisfy the conditions:
r<p, R = 4p

7 - vgri(1 — €/6) - /\> +f\/ )

k
m-vgrt(14+€/6) - A1 —¢)+ (1 —7)-vprP < o ?\/ku.
Then with probabilityl — §, it holds that:

1. AllpointsinAs,q—r andAM ., arekept, and all points i\ M,. andS,,_,. are removed.
Here, M,. is the tubular region around/ of widthr.

2. The two point setd [X] and A’[X] are disconnected in the gragh, z.

Proof. The proof of the first claim is similar to the noiseless sefttiaxcept that the probability
mass inside a ball now has contributions from both the mah#nad the background clutter. For

r € S,_,, the probability mass of the bal(x,r) underQ is at mostrvgre(1l + ¢/6) - A(1 —

€) + (1 — m)vpr?, which is at mostt — Cs -5.\/kp. Thusz is removed during the cleaning step.
Similarly, if x ¢ M,, the ball B(x, ) does not intersect the manifold, and hence its mass is at most
(1 —m)vprP. Hence all points outsid&/, are removed. Finally, i € (Ao U Ay, ,_,) N X,

then the mass of the bally; (x, r) is at least r?(1 —¢/6) A (ignoring the contribution of the noise).
This is at Ieasfg + %\/k , and hence: is kept.

To prove the second claim, suppose that gefsX and A’ N X are connected i, . Then there
exists a sequence of sample poig§sy:, - - ., y: such thatyy € A, y; € A’ andd(y;—1,v;) < R
forall 1 <4 < t. Letz; be the projection ofj; on M, i.e., z; is the point of M closest toy;. We
have already showed that eaghlies inside the tubé/,., sod(z;,y;) < r, and hence by triangle
inequality, we havel(z;_1,2;) < R+ 2r < 7/4. Hence, the geodesic distance between and
x; is < 2(R + 2r). Now, by an argument analogous to the noiseless settingg thésts a pair
(z;—1, ;) which are at a (geodesic) distance at leist — ). This is a contradiction since our
parameter setting implies thao — r) > 2(R + 2r). O

Lemma 19 (Connectedness) Assume that the parametégrsr and R satisfy the separation condi-
tions (in Lemm@&Z8). Then, with probability at ledst §, A N'Y is connected itG,. .

Proof. The proof of this lemma is identical to Leminha 9 and is omitted.

We now show how to pick the parameters to satisfy the conditimé Lemma18. Sek :=
144C%(u/€?), and define- by

mvgrt(l —€/6) -\ = k + %\/ku.
non

Itis easy to check that this setting satisfies all our requénats, provided that the terfh — 7 )vpr?”
arising from the clutter noise satisfies the additional trest

(1= mvpr? < (¢/2) x mvar®A.

1/d
The definition ofr implies thatr is upper bounded bf ) . Thus it suffices to ensure that

NATUg

(1—mop ( 2k )D/d <(ef2)- H ot

NATUg

This is equivalent to the condition
2" (L-m¥P (kTP
vged/ D T ’

which is assumed by Theordm] 10.

n
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A.7 Proof of Theorem[1]]

Let P be a distribution on a manifold/ with density f. LetX = (X;i,...,X,) be the latent
sample fromP, and letY = (Y3,...,Y,) be the observed sample. The only fact that we use
about the observed sample is that it is close to the correspgiatent sample pointi(Y;, X;) < 6,
whered is thenoise radius We show that we can adapt the RSL algorithm to res@lve) separated
clusters(A, A’), provided tha# is sufficiently small compared to bothande.

Again, we will pick values fok, r, R based on a parametgrdefined ag := min(%, 77, 197 )-

Lemma 20 (Separation) Supposé:;, r, R are chosen to satisfy
0<r/2 r<p R:=5hp,

va(r —20)4(1 —€/6) - A > ky %\/k 7
n n

va(r +20)(1+¢€/6) - A(1 —€) < E_GCs 7

n

3

then, with probabilityl — 4, the following holds uniformly over alb, €) separated cluster&4, A’):

1. If a latent sample poink; € Anro—ri20 U A’MJ_H%, then the corresponding sample
pointY; is kept during the cleaning step. Xf; € Sir»—r—_20, thenY; is removed.

2. ThesetgY; : X; € A} and{Y; : X; € A'} are disconnected in the grafgh, r.

Proof. To prove the first claim, supposé; € A,_, 129 U A;_H%. Consider the balB, (X;, r —
20). Itis completely insided s, U A’ ., hence the density inside it is at leash. Moreover, if
X, isin By (X5, r — 26), then by triangle inequality, we have

dy;, ;) <d(X;Y;) +d(X;, X)) +d(Y;, X)) <r

Hence the ballB(X;,r) contains at least sample points, provide®,, (X;,r — 26) contains at
leastk points fromX. Finally, the true mass of the sBW(Xi7 r — 26) is at least

va(r —20)%(1 — €/6) - /\>7+ \/
Hence it contains at leaktlatent sample points, and we are done.

Similarly, supposeX; € S,_,_20, and consider the bal,; (X, r+26). Itis completely contained
inside S, and hence the density inside the ball is at mqdt— ¢). Moreover, ifX is outside the
set, then

d(Y;,Y:) > d(X;, X;) — d(X;,Y;) — d(X;,Y;) > r

Hence the ballB(Y;,r) contains fewer thak sample points, provide®,, (X;,r + 26) contains
fewer thank points fromX. The true mass of the balty; (X, r + 29) is at most

k
va(r +20)% (1 +€/6) - M1 — €) < - — \/
Hence the ball contains fewer tharatent sample points, and we are done.

We now prove that the graphi, r is disconnected. Suppose not. Then there must exist a segjuen
of latent sample pointsg, z1,...,z; € Y and a corresponding sequence of noisy sample points
Yo, .-,y € X suchthaty € A, 2y € A’, andd(y;—1,y;) < R. Clearlyd(z;—1,z;) < R+ 20 <

7/4. Thus the geodesic distance betwegn, andz; is less thar2(R + 26). However, by théo, €)
separation condition, we must have a successive(pain, z;) whose geodesic distance is at least
2(o — ). This is a contradiction since we have set our parametefstsat2(c — r) > 2(R + 26).

15



Lemma 21 (Connectedness) Assume that the conditions of Lemma 20 are satisfied. Théim, wi
probability at leastl — 4, the following holds uniformly over alli: if inf,c4,, , f(x) > A, then
{Y; : X; € A} isconnected iz, r.

Proof. The proof is similar to that of Lemnid 9, so we indicate only tleeessary modifications,
omitting the details. We now use a net of rad{us — 26)/4, and the condition thak > 4r is
replaced byk — 20 > 4r. Finally, thex;’s defined in the proof are latent sample points, whereas the
algorithm observes an arbitrary poigtin a #-ball around ther;. Thus, the distance betwegn ;
andy; is at most
R—20
4

4- +d(yi, z;) + d(yi—1,xi—1) < R.

O
In order to satisfy the conditions stated in Lenima 20, we rikecissumption tha&is small com-
pared tor. More precisely, we will assume thét< r¢/24d. Under this assumption, we can satisfy
the above conditions by ensuring that

var®(1 —e/12)(1 — €/6) - A > &\/k ,
n

G

var®(1+€/6)(1+€/6) - M1 —¢) < = — =2 —Vkp

As before, we can satisfy these equations by setting O(C% /€ ), andr according to

vgrd(1 —e/12)(1 — €/6) - A = % + %\/ﬁ

w:\w

3

A.8 Connection radiusfor polynomially bounded densities

In this section, we prove that in our algorithm (Figlie 1),ca® pick the connection radiugto be
R := 4r, independent of the other parameters, provided that thsitgdavel satisfies\ < n* for
some absolute constadt (Our original setting picked® = 4p andr < p.)

More precisely, we will argue that the parametein the algorithm can be safely replaced by a
related parameter := 2Alogn without affecting the performance of the algorithm. Pick=
O(C211/€?), and setr, R by the equations

a1 k| Calog(1/0) ,—
var /\_1—6/6 n+7n VEkir,
R =4r.

The crucial ingredient in the analysis of our algorithm is tmiform convergence property of balls
centered at the sample points and net points (Lefdma 6), sostediify that this statement remains
true. Note that by our choice of we have

>

S|

varia >

Sie

so thatl /r? < vgn) < vgndt!t < nAtl (sincewvy < 1 for sufficiently larged). As before, we
consider a netV of radiusR/4 (i.e., r); by LemmaIb, size of this net is at mast/r¢ for some
absolute constant > 0. Thus by Lemm&l6, we have the uniform convergence propemy;iged
the parametey: is replaced by

logn 4 log || = logn + log(1/r%) + O(1) = (A + 2)logn + O(1).

Notice thaty is picked to be a safe upper bound on this quantity, hencesthenh holds whep is
replaced byi.

Finally, it is easy to check that our choice of parametersfied all the conditions given in the
separation lemma. Hence the separation and connectedrasstges (Lemmas 8 9), together
with their proofs, remain unaffected.
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