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Abstract

While several papers have investigated computationally and statistically efficient
methods for learning Gaussian mixtures, precise minimax bounds for their statisti-
cal performance as well as fundamental limits in high-dimensional settings are not
well-understood. In this paper, we provide precise information theoretic bounds
on the clustering accuracy and sample complexity of learning a mixture of two
isotropic Gaussians in high dimensions under small mean separation. If there is
a sparse subset of relevant dimensions that determine the mean separation, then
the sample complexity only depends on the number of relevant dimensions and
mean separation, and can be achieved by a simple computationally efficient pro-
cedure. Our results provide the first step of a theoretical basis for recent methods
that combine feature selection and clustering.

1 Introduction

Gaussian mixture models provide a simple framework for several machine learning problems in-
cluding clustering, density estimation and classification. Mixtures are especially appealing in high
dimensional problems. Perhaps the most common use of Gaussian mixtures is for clustering. Of
course, the statistical (and computational) behavior of these methods can degrade in high dimen-
sions. Inspired by the success of variable selection methods in regression, several authors have
considered variable selection for clustering. However, there appears to be no theoretical results
justifying the advantage of variable selection in high dimensional setting.

To see why some sort of variable selection might be useful, consider clustering n subjects using a
vector of d genes for each subject. Typically d is much larger than n which suggests that statistical
clustering methods will perform poorly. However, it may be the case that there are only a small
number of relevant genes in which case we might expect better behavior by focusing on this small
set of relevant genes.

The purpose of this paper is to provide precise bounds on clustering error with mixtures of Gaus-
sians. We consider both the general case where all features are relevant, and the special case where
only a subset of features are relevant. Mathematically, we model an irrelevant feature by requiring
the mean of that feature to be the same across clusters, so that the feature does not serve to differ-
entiate the groups. Throughout this paper, we use the probability of misclustering an observation,
relative to the optimal clustering if we had known the true distribution, as our loss function. This is
akin to using excess risk in classification.

This paper makes the following contributions:

e We provide information theoretic bounds on the sample complexity of learning a mixture
of two isotropic Gaussians with equal weight in the small mean separation setting that pre-
cisely captures the dimension dependence, and matches known sample complexity require-
ments for some existing algorithms. This also debunks the myth that there is a gap between



statistical and computational complexity of learning mixture of two isotropic Gaussians for
small mean separation. Our bounds require non-standard arguments since our loss function
does not satisfy the triangle inequality.

e We consider the high-dimensional setting where only a subset of relevant dimensions deter-
mine the mean separation between mixture components and show that learning is substan-
tially easier as the sample complexity only depends on the sparse set of relevant dimensions.
This provides some theoretical basis for feature selection approaches to clustering.

e We show that a simple computationally feasible procedure nearly achieves the information
theoretic sample complexity even in high-dimensional sparse mean separation settings.

Related Work. There is a long and continuing history of research on mixtures of Gaussians. A
complete review is not feasible but we mention some highlights of the work most related to ours.

Perhaps the most popular method for estimating a mixture distribution is maximum likelihood. Un-
fortunately, maximizing the likelihood is NP-Hard. This has led to a stream of work on alternative
methods for estimating mixtures. These new algorithms use pairwise distances, spectral methods or
the method of moments.

Pairwise methods are developed in|Dasgupta (1999)), Schulman and Dasgupta (2000) and |Arora and
Kannan| (2001)). These methods require the mean separation to increase with dimension. The first
one requires the separation to be v/d while the latter two improve it to d'/4. To avoid this problem,
Vempala and Wang| (2004) introduced the idea of using spectral methods for estimating mixtures
of spherical Gaussians which makes mean separation independent of dimension. The assumption
that the components are spherical was removed in |Brubaker and Vempalal (2008). Their method
only requires the components to be separated by a hyperplane and runs in polynomial time, but
requires n = )(d*log d) samples. Other spectral methods include [Kannan et al.| (2005), Achlioptas
and McSherry| (2005) and [Hsu and Kakade|(2013). The latter uses clever spectral decompositions
together with the method of moments to derive an effective algorithm.

Kalai et al.[(2012) use the method of moments to get estimates without requiring separation between
components of the mixture components. A similar approach is given in |Belkin and Sinhal (2010).
Chaudhuri et al.(2009) give a modified k-means algorithm for estimating a mixture of two Gaus-
sians. For the large mean separation setting ;> 1, Chaudhuri et al.| (2009) show that n = Q(d/z?)
samples are needed. They also provide an information theoretic bound on the necessary sample com-
plexity of any algorithm which matches the sample complexity of their method (up to log factors) in
d and p. If the mean separation is small ;1 < 1, they show that n = €2(d/u*) samples are sufficient.
Our results for the small mean separation setting give a matching necessary condition. Assuming
the separation between the component means is not too sparse, Chaudhuri and Rao| (2008) provide
an algorithm for learning the mixture that has polynomial computational and sample complexity.

Most of these papers are concerned with computational efficiency and do not give precise, statistical
minimax upper and lower bounds. None of them deal with the case we are interested in, namely, a
high dimensional mixture with sparse mean separation.

We should also point out that the results in different papers are not necessarily comparable since
different authors use different loss functions. In this paper we use the probability of misclassifying
a future observation, relative to how the correct distribution clusters the observation, as our loss
function. This should not be confused with the probability of attributing a new observation to the
wrong component of the mixture. The latter loss does not typically tend to zero as the sample
size increases. Our loss is similar to the excess risk used in classification where we compare the
misclassification rate of a classifier to the misclassification rate of the Bayes optimal classifier.

Finally, we remind the reader that our motivation for studying sparsely separated mixtures is that
this provides a model for variable selection in clustering problems. There are some relevant recent
papers on this problem in the high-dimensional setting. Pan and Shen|(2007) use penalized mixture
models to do variable selection and clustering simultaneously. |Witten and Tibshirani|(2010) develop
a penalized version of k-means clustering. Related methods include Raftery and Dean| (2006); |Sun
et al.|(2012) and|Guo et al.|(2010). The applied bioinformatics literature also contains a huge number
of heuristic methods for this problem. None of these papers provide minimax bounds for the clus-
tering error or provide theoretical evidence of the benefit of using variable selection in unsupervised
problems such as clustering.



2 Problem Setup

In this paper, we consider the simple setting of learning a mixture of two isotropic Gaussians with
equal mixing Weights given n data points X1, ..., X, € R? drawn i.i.d. from a d-dimensional
mixture density function

1 1
po(x) = if(x;ﬂl702f) + §f($;ﬂ2702f)7

where f(-; 4, X) is the density of A (p, X), o > 0 is a fixed constant, and 6 := (1, u2) € ©. We
consider two classes © of parameters:

Ox = {(p1, p2) : lwa — pall = A}

Oxns = {(p1p2) I — p2ll 2 A, [pa — pa2flo < s} € Ox.
The first class defines mixtures where the components have a mean separation of at least A > 0.
The second class defines mixtures with mean separation A > 0 along a sparse set of s € {1,...,d}
dimensions. Also, let Py denote the probability measure corresponding to pg.

For a mixture with parameter 6, the Bayes optimal classification, that is, assignment of a point
x € R? to the correct mixture component, is given by the function
Fy(x) = argmax f(; i, 0°I).
ie{1,2}
Given any other candidate assignment function F' : R? — {1,2}, we define the loss incurred by F'
as

Lo(F) = min Py({a : Fy(x) # m(F(x))})

where the minimum is over all permutations 7 : {1,2} — {1, 2}. This is the probability of misclus-
tering relative to an oracle that uses the true distribution to do optimal clustering.

We denote by ﬁn any assignment function learned from the data X1, ..., X, also referred to as
estimator. The goal of this paper is to quantify how the minimax expected loss (worst case expected
loss for the best estimator)

~

R, = infsup EgLg(F,)
F, 6€©

scales with number of samples n, the dimension of the feature space d, the number of relevant di-
mensions s, and the signal-to-noise ratio defined as the ratio of mean separation to standard deviation
A/o. We will also demonstrate a specific estimator that achieves the minimax scaling.

For the purposes of this paper, we say that feature j is irrelevant if p1(j) = po(j). Otherwise we
say that feature j is relevant.

3 Minimax Bounds

3.1 Small mean separation setting without sparsity

We begin without assuming any sparsity, that is, all features are relevant. In this case, comparing
the projections of the data to the projection of the sample mean onto the first principal component
suffices to achieve both minimax optimal sample complexity and clustering loss.

Theorem 1 (Upper bound). Define
Fox)=1 1 if o1 01(8n) > fipv1(3n)
2 otherwise.
where [i,, = n~' Y| X, is the sample mean, S, =n"1 S (X —Tin) (Xi —fin)T is the sample

covariance and v1(%,,) denotes the eigenvector corresponding to the largest eigenvalue of %,,. If
n > max (68, 4d), then

_ 402 dlog(nd
sup EgLg(F) < 600 max (; 1) %

[ASSN

"We believe our results should also hold in the unequal mixture weight setting without major modifications.



Furthermore, lf% > 2max(80, 14v/5d), then

)\2
EoLo(F) < 17exp (—2) +9 .
Sup EoLo(F) exp 32>+ eXp( 8002>

We note that the estimator in Theorem (and that in Theorem does not use knowledge of o2.
Theorem 2 (Lower bound). Assume that d > 9 and % < 0.2. Then

. ~ 1 . |[+Iog20? [d—1 1
f sup EgL(F, 7 -4
o o(Fn) 2 255 mm{ 3 2V o i

We believe that some of the constants (including lower bound on d and exact upper bound on /o)
can be tightened, but the results demonstrate matching scaling behavior of clustering error with d, n
and \/o. Thus, we see (ignoring constants and log terms) that

0.2

2
The result is quite intuitive: the dependence on dimension d is as expected. Also we see that the rate

depends in a precise way on the signal-to-noise ratio \/o. In particular, the results imply that we
need d < n.

d . d
R, ~ \/> , orequivalently n ~ ——— for a constant target value of R,,.
n /ot

In modern high-dimensional datasets, we often have d > n i.e. large number of features and not
enough samples. However, inference is usually tractable since not all features are relevant to the
learning task at hand. This sparsity of relevant feature set has been successfully exploited in super-
vised learning problems such as regression and classification. We show next that the same is true for
clustering under the Gaussian mixture model.

3.2 Sparse and small mean separation setting

Now we consider the case where there are s < d relevant features. Let S denote the set of relevant
features. We begin by constructing an estimator S,, of .S as follows. Define

1 ~
T, = _ta min X, (4,7), where
1 — aie{1,....d}
where
6log(nd) n 2log(nd)
n n ’
Now let

Sp={ie{l,....d}:S,0,1) > 7}
Now we use the same method as before, but using only the features in §n identified as relevant.
Theorem 3 (Upper bound). Define

By = { 1 o5 ns) 205 nls)
2 otherwise

where xg are the coordinates of x restricted to S, and ﬁg and g are the sample mean and
covariance of the data restricted to Sy,. If n > max(68,4s), d > 2 and « < L then

a 160 1 log(nd) \ *
sup EgLg(F) < 603max( Z ,1) M—FMO \[ ( og(n ))
0€O s A n n

Next we find the lower bound.
Theorem 4 (Lower bound). Assume that A <0.2,d> 17 and that 5 < s < %. Then

~ -1\ 1
inf s EgqLg(F, — — >
inf sop EoLo( >—600mm{v W 1)72}




We remark again that the constants in our bounds can be tightened, but the results suggest that

o (slogd 1/4 o? [slogd
A(n) =B m T

2
or n=2~\ <S)\ 41?55) for a constant target value of I?,,.
In this case, we have a gap between the upper and lower bounds for the clustering loss. Also, the
sample complexity can possibly be improved to scale as s (instead of s2) using a different method.
However, notice that the dimension only enters logarithmically. If the number of relevant dimensions
is small then we can expect good rates. This provides some justification for feature selection. We
conjecture that the lower bound is tight and that the gap could be closed by using a sparse principal
component method as in |Vu and Lei| (2012) to find the relevant features. However, that method is
combinatorial and so far there is no known computationally efficient method for implementing it
with similar guarantees.

We note that the upper bound is achieved by a two-stage method that first finds the relevant dimen-
sions and then estimates the clusters. This is in contrast to the methods described in the introduction
which do clustering and variable selection simultaneously. This raises an interesting question: is it
always possible to achieve the minimax rate with a two-stage procedure or are there cases where a
simultaneous method outperforms a two-stage procedure? Indeed, it is possible that in the case of
general covariance matrices (non-spherical) two-stage methods might fail. We hope to address this
question in future work.

4 Proofs of the Lower Bounds

The lower bounds for estimation problems rely on a standard reduction from expected error to hy-
pothesis testing that assumes the loss function is a semi-distance, which the clustering loss isn’t.
However, a local triangle inequality-type bound can be shown (Proposition [2). This weaker condi-
tion can then be used to lower-bound the expected loss, as stated in Proposition [T] (which follows
easily from Fano’s inequality).

The proof techniques of the sparse and non-sparse lower bounds are almost identical. The main dif-
ference is that in the non-sparse case, we use the Varshamov—Gilbert bound (Lemmam) to construct
a set of sufficiently dissimilar hypotheses, whereas in the sparse case we use an analogous result for
sparse hypercubes (Lemma[2)). See the supplementary material for complete proofs of all results.
In this section and the next, ¢ and ® denote the univariate standard normal PDF and CDF.

Lemma 1 (Varshamov-Gilbert bound). Let Q@ = {0,1}™ for m > 8. There exists a subset
{wo, -.,war} € Q such that wy = (0,...,0), p(wi,w;) > B forall 0 < i < j < M, and
M > 2m/8 where p denotes the Hamming distance between two vectors (Tsybakov|(2009)).
Lemma 2. Let Q = {w € {0,1}™ : ||w|lo = s} for integers m > s > 1 such that s < m/4. There
exist wo, ...,wnr € Q such that p(w;,w;) > s/2 forall 0 < i < j < M, and M > (%)8/5 -1
(Massart (2007), Lemma 4.10).

Proposition 1. Let 0y, ...,0,; € O (or@,\ HM>20<a<1/8andy>0.Ifforalll <i<
M, KL(Py, 7Pgo) < alog’M ,and if Ly, (F ) < *yzmplzes Ly, (F ) >forall0 <i#j<Mand

clusterings F, then mfA ~max;eo..m) Eo, Lo, ( n) > 0.07.
Proposition 2. For any 0,0' € ©, and any clustering F, let 7 = Ly(F) + /KL(Py, Py ) /2. If
Lo(Fy) +7 < 1/2, then Ly(Fp) — 7 < Lg/(F) < Lo(Fy/) + 7.

We will also need the following two results. Let 8 = (p0—pt/2, o +u/2) and ¢ = (uo—p'/2, o+
\u ']

[l
Proposition 3. Let g(z) = ¢(x)(6(z) — 2®(—x)). Then 2g (2*—) sin Bcos B < Ly(Fy) < ‘28,

W' /2) for g, p, 1/ € R? such that ||| = ||2/||, and let cos 3 =

Proposition 4. Let § = QL” Then KL(Py, Py') < €*(1 — cos j3).



ProofofTheoremI Leté = and define € = min { = UT \/T} Define A3 = A\2—(d—
1)e2. Let Q = {0, 1}¢-1 Forw—( (1), ...,w(d— ) € ,uw—/\oedﬁ—zl “L2w(i) — 1)ee;
(where {e;}%_, is the standard basis for Rd) Let 6, = (77 Be) € ©,.

By Proposition@ KL(Py,,, Py,) < £*(1 —cos fB,,,,) where cos B, = 1 — M ,w,v € Q, and
p is the Hamming distance, so KL(Py_, Py, ) < 542(‘1;721)62. By Proposition since cos f3,,, > ;,

1 1/T+cos B, I
L (Fg) 7tanﬁwu_ +COSB 1—Cobﬁwy< 7Q and
m

T coS Py

. w,v)e
ng (Fau) Z 29(5) sin ﬁw,u COos Bw,l/ Z g(g) \/1 + cos ﬂUJ,V \/1 — COS 6w,V Z ﬂg(f)%

where g(z) = ¢(z)(¢(x) — 2®(—x)). By Lemmal[l] there exist wp, ...,wps € 2 such that M >
2(d=1)/8 and p(w;,w;) > 9L forall 0 < i < j < M. For simplicity of notation, let §; = 6,,, for

8
all 7 € [0..M]. Then, fori # j € [0..M],

2(d —1)e?
22 i\ L

Define v = §(g(§) — 252)7“{\’15. Then for any ¢ # j € [0..M], and any F such that Ly, (ﬁ) <7,

KL(Py,, Py,) < &*

~ KL(Pgi,ng) 4 1 9 9 d— 1le 1
. . ) _ 7 — 4= — Y- <z
Lo, (Fo;) + Lo, (F) + 5 < (-t -2)+& ) —— <3
because, for £ < 0.1, by definition of €,
4 1 Vd— 16 \/ le 1
—+ < (g(6) —26%) + & < =
T 4 A A 2

So, by Prop0s1t1onl Ly, (F) > v Also, KL(Py,, Py,) < (d—1)¢*35 27 logM forall1 <i < M,

because, by definition of e, 54 = < 1?%2 So by Proposmonand the fact that £ <0.1,

1 Viog202 [d—1 1
£ Ey, L > 0.07y > —— Y
ik ax, . oc(Fa) 7= 500 mm{ 3 a2V n o1

and to complete the proof we use supycg, EQLQ(F ) > max;eo..n) Eo, Lo, (F,) forany F,. O

Proof of Theorem! For simplicity, we state this construction for © 51, assuming 4 < s < %.

Let £ = -, and define € = min{\/i,)”;wrlllog (dsl),é\}\g}.Deﬁne A =A% —se? LetQ =

{w € {0,1}971: |wl|lo = s}. Forw = (w(1),...,w(d — 1)) € Q, let ju,, = Noeq + ZZ L w(i)ee;
(where {ei}le is the standard basis for R%). Let 6, = (f“—“ “—) € ©,,. By Lemmal there

202
exist wy, ..., was € 2 such that M > (%)3/5 —land p(w;,w;) > 5 forall 0 <i < j < M. The
remainder of the proof is analogous to that of Theoremwith v =2(g9(&) — V2 2)% O

S Proofs of the Upper Bounds

Propositions [5] and [¢] below bound the error in estimating the mean and principal direction, and
can be obtained using standard concentration bounds and a variant of the Davis—Kahan theorem.
Proposition [7] relates these errors to the clustering loss. For the sparse case, Propositions [§] and 0]
bound the added error induced by the support estimation procedure. See supplementary material for
proof details.

Proposition 5. Let 6 = (g — p, po + ) for some g, o € R* and Xy, ..., X,, X py. For any

T i
§ > 0, we have || — fin|| > o4/ w + ||l 210% with probability at least 1 — 36.



Proposition 6. Let 0 = (pg — p,po + ) for some po,pp € R and Xy, ..., X, Py with

d > 1and n > 4d. Define cos 3 = |vi(o?] + uuT)Tvl(in)\. Forany 0 < § < &L if

e
2 max(d 810@;1)
o 5 s
max(n ne wmn) e <

o2 1 d
sin 8 < 14 max ( 5 \f 0 1og max < 10 — log — )
[l ||M|| 0

Proposnlon 7. Let 0 = (o — 11, pto + 1), and for some z,v € R with |[v|| = 1, let F(z) =
ifztv > afv, and 2 otherwzse Define cos 3 = [vT |/l If |(zo — po)Tv| < oeq + ||| €2 for

somee; > 0and 0 < ey < 1 andlfsmﬂ < 7 then

. 1 2
Ly(F) < exp{—2 max (O,”;;” — 261> } |:2€1 + €y H#” + 2sin 8 <2s1n[3u|| ﬂ .

(wo—MO)TU
cos 3

Lo(F) < %/“ Lo (%) {@<|/~L||+|n’f|atanﬁ+7”> (D(IINII—IwI(Ttanﬁ—rﬂdx

<o () (= )
Since tan 3

B < iande < i wehaver < 206 + 2|plles, and @ (@) _® (W) <
(a + e ) 0] (max (() el 261)) . Defining A = ‘W i
oto) [ (1= o (L= ) ar <2 [ / —
A— ztanﬁ

’ 20

A cos B+(u+Asin B) tan B

= 2/ / d(uw)d(v)dudv < 2¢ (A)tan 5 (Asin f + 1)
AsinfB J Acosf

< 2¢ (max (0, % — 261)) tan 8 <( HM” + 261) sin B + 1)

where we used u = x cos 8 — ysin 8 and v = z sin 5 + y cos (3 in the second step. The bound now
follows easily. O

then with probability at least 1 — 120 — 2 exp ( )

Proof. Letr =

. Since the clustering loss is invariant to rotation and translation,

Proof of Theorem Using Propositions |5 and |§| with § = ﬁ, Proposition |7} and the fact that
(C + ) exp(— max(0,z — 4)?/8) < (C + 6) exp(— max(0,z — 4)2/10) for all C,z > 0,

4;(2 . dlog(nd)
A2 n

(it is easy to verify that the bounds are decreasing with ||x|, so we use [|u] = % to bound the
supremum). In the d = 1 case Proposition[6|need not be applied, since the principal dlrectlons agree

trivially. The bound for > 2max(80, 14v/5d) can be shown similarly, using § = exp ( ) ]

EgLg(F) < 600 max (

Proposmon 8. Let 0 = (uo — p, jo + p) for some po, pp € R and X4,..., X, X py. For any
1
0<d< f such that £/ 610% < L, with probability at least 1 — 6d6, for all i € [d),

~ ) 610gl ) 210gl ) 210gl
Slisd) = (0% + p(0))] < 02\ 2L+ 20|u(i) ||| 5 + (0 + (i) )P 5.

Proposition 9. Let 0 = (ug — p, pio + 1) for some g, pp € R and X, ..., X, " py. Define

S0) ={i€ld): ui) #0} and S(6) = {i € [d]: |u(i)| = doV/a}.

~

Assume thatn >1,d > 2, and o < i. Then 5(9) C S, C 5(0) with probability at least 1 — %.




Proof. By Proposition|8] with probability at least 1 — £,

S . 6 log(nd ) 2log(nd Ao 2log(nd
Suli) — (2 + u(0)?)] < 02 2B gy 2D 4 (o ey 2B
for all i € [d]. Assume the above event holds. If S(6) = [d], then of course S,, C S(6). Otherwise,
fori ¢ S(6), we have (1 — a)o? < %,(i,4) < (1 + a)o?, so it is clear that S, C S(6). The

remainder of the proof is trivial if S(0) = () or S(#) = (. Assume otherwise. For any i € S(0),
o) 2 (1= ajo? + (1= 2B ) 132 — 2alui)
n

By definition, |1(i)| > 40/a forall i € S(6), so %02 < in(z, i)andi € S, (we ignore strict

equality above as a measure 0 event), i.e. S (0) C §n, which concludes the proof. O

ProofofTheorem Define S(6) = {i € [d] : u(i) # 0} and S(0) = {i € [d] : |u(i)| > 4ov/a}.
Assume S(0) C S, C S(0) (by Proposition 9} this holds with probability at least 1 — £). If
5(6) = 0, then we simply have EgLg(F,) < 1.

Assume S(#) # 0. Let cos B = |v1(§]§n)TU1(E)|, cosf3 = \vl(Egn)Tvl(E)L and cos 8 =
|’u1(§]§n)T’u1(E§n)| where ¥ = 021 + pu”, and for simplicity we define §§n and Y5 to be

the same as in and X in §n, respectively, and 0 elsewhere. Then sin E < sin B + sin g3, and

5 —Hg — U3 do/ar/|1S(0) — |S(6
Sinﬁ:”u Ms(e>|\<Hu #3(9)H< Vay/[1S(0)] \()|< ovsa

el = Al ™ [l T
Using the same argument as the proof of Theorem as long as the above bound is smaller than ﬁ,
~ 2 1 3
EgLg(F) < 600 max (ko’? 1) slog(ns) | 10,7 )\50‘ + 2
Using the fact Lg(ﬁ) < % always, and that o < i implies log(Tnd) < 1, the bound follows. |

6 Conclusion

We have provided minimax lower and upper bounds for estimating high dimensional mixtures. The
bounds show explicitly how the statistical difficulty of the problem depends on dimension d, sample
size n, separation A and sparsity level s.

For clarity, we focused on the special case where there are two spherical components with equal
mixture weights. In future work, we plan to extend the results to general mixtures of £ Gaussians.

One of our motivations for this work is the recent interest in variable selection methods to facilitate
clustering in high dimensional problems. Existing methods such as [Pan and Shen| (2007); |Witten
and Tibshirani| (2010); Raftery and Dean| (2006); [Sun et al.| (2012) and |Guo et al.| (2010) provide
promising numerical evidence that variable selection does improve high dimensional clustering.
Our results provide some theoretical basis for this idea.

However, there is a gap between the results in this paper and the above methodology papers. In-
deed, as of now, there is no rigorous proof that the methods in those papers outperform a two stage
approach where the first stage screens for relevant features and the second stage applies standard
clustering methods on the features found in the first stage. We conjecture that there are conditions
under which simultaneous feature selection and clustering outperforms a two stage method. Settling
this question will require the aforementioned extension of our results to the general mixture case.
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1 Notation
For 0 = (11, ju2) € R?*4, define

1 1
po(z) = §f(95;M17021) + §f(x;u2,021)7

where f(-; u, ) is the density of N (i, X), 0 > 0 is a fixed constant. Let Py denote the probability
measure corresponding to pg. We consider two classes © of parameters:

O = {(p1, p2) : 1 — pell = A}
Oxs = {(p1, p2)  lla = p2ll Z A, i1 — p2flo < s} € O
Throughout this document, ¢ and ¢ denote the standard normal density and distribution functions.

For a mixture with parameter 6, the Bayes optimal classification, that is, assignment of a point
x € R? to the correct mixture component, is given by the function

Fy(x) = argmax f(z; i, 0°I).
ie{1,2}

Given any other candidate assignment function F' : R? — {1,2}, we define the loss incurred by F'
as

Lo(F) = min Py({ : Fy(x) # n(F())})
where the minimum is over all permutations 7 : {1,2} — {1,2}.

For X4,..., X, i1 Py, let f1,, and f]" be the mean and covariance of the corresponding empirical
distribution.

Also, for a matrix B, v;(B) and \;(B) are the ’th eigenvector and eigenvalue of B (assuming B is
symmetric), arranged so that \;(B) > \;+1(B), and || B||2 is the spectral norm.

2 Upper bounds

2.1 Standard concentration bounds

2.1.1 Concentration bounds for estimating the mean

Proposition 1. Let X ~ x?2. Then for any € > 0,

P(X > (1+¢€)d) < exp{—;l (e —log(1 —l—e))}.



Ife < 1, then
P(X < (1—-¢€)d) <exp {;l(e + log(1 — e))} .

Proof. Since Ee!X = (1 —2t)% for0 < t < 1,
P(X > (1+ €)d) = P(e!X > t1+9)4)
< e tHId( _9p)~

d
2

d
= —t(1 d+ =1 .
cxp[ (1+¢) +20g1_2t]

To minimize the right hand side, we differentiate the exponent with respect to ¢ to obtain the equation

=0

—(1 d
(1+e)d+ T %
141re) < 3 (it is easy to verify that this is a global

minimum). Using this value for ¢, the first bound follows.

which can be satisfied by setting ¢t = % (1 —

Also, fort > Oande < 1,
P(X < (1 —e€)d) = P(e™ X > ¢7t179)4)
< 6t(175)d(1+2t)7

[SIi-9

N Q.

= exp [t(l —€)d — = log(1 + 2t)]

and setting ¢t = % ( Lo 1),

P(X < (1—-¢€)d) <exp {Z(e +log(1 — e))} .

O
Proposition 2. Let 71,..., Z, s N(0, I). Then for any € > 0,
1< 1+e)d d
IP’( ﬁ;zl > (—;e)) §exp{—2(e—log(1+e))}.
Proof. Using Proposition [I]
1 & (1+€)d 1 <
(=S 2| > —P||==S"2| > +ed
=P(X > (1+¢)d)
d
Sexp{—2(e—log(1—|—e))}
where X ~ x2. O

2.1.2 Concentration bounds for estimating principal direction

Proposition 3. Let 74, ..., Z, Hid N(0, 1) and § > 0. If n > d then with probability at least 1 — 36,

~ 2log 4 d 2log + d
[En —Lall2 <3 {1+ 2085 \/7max 1,11+ 083 z
d n d n

8log & 8log & d

+ 11+ og‘smax 1, %85 —

d d n

where X, is the empirical covariance of Z;.




Proof. Let Z, = 3" | Z;. Then

~ 1 — —_ _r
So=Lilla=11=> 227 —1,- 7,7
| all2 Hn; i — g n

1 n
< E;ZZZ?—M

2

+11Za]

It is well known that for any €; > 0,

]p( Z3(1+61)\/zmax<1,(1+61)\/g>> gzexp{_d2

Using this along with Proposition 2] we have for any e, > 0,

2

1 n
= Z ZZF — I,
n =1

P (Iin —Igll2 >3 (14 €) \/gmax <1, (1+ el)\/z> n (1+e)d

< 2€Xp{—d§} +exp{_;’ (e — log(1 +62))}.

Setting ¢; = Qlodg%,
~ 2log & d 2log & d 1 d
P15, = L > 3 1+\/Tga \fmax L1y /2ees) Jd)  Otea)d
d n d n n
d
< 20 + exp —3 (e2 — log(1 + €2))

d
< 20 + exp {862 min(1, 62)}

. 8log + 8log 1
and, setting 62—\/05“ max (1, Odgé

), with probability at least 1 — 30,

. 2log 1 d 21og L
12, — La]l2 <3 [ 1+ dg 0 \/7rnax 1,11+ &5
n

d
d n
8log L 8log+\ \ d
+ |1+ Og‘smax 1, %85 —.
d d n
O]
Proposition 4. Let X1,Y1,...., X,,, Y, i'ifl'N(O, 1). Then for any € > 0,

1 n
5;)%

10

in(1
]P’( >;> SQeXp{—nUmn( ’6)}.
iid.

Proof. Let Z = XY where X, Y < N(0,1). Then for any ¢ such that || < 1,

1
Eet? = .
V1 —t2

[OV)



SoforO <t <1,

P (711 iXiYi > e) =P (exp {itXin} > exp(net))

=1 i=1

E (exp {z”: tXiYi}> exp(—net)

= (Eexp(tX;Y;))" exp(—net)
=(1- tg)_% exp(—net)

= exp {—g (2et + log(1 — tg))} .

IN

The bound is minimized by ¢ = i (\/1 + 4e? — 1) < 1,s0
1 n
P (n ;Xiy; > e> < exp {—gh@e)}

where

h(u) = (\/1+u2 - 1) +log (1 - % (\/1+u2 - 1)2> .

1 2
P (nZXiYi > e) < eXp{—Z; min(1,26)}

i=1

and the proof is complete by noting that the distribution of X,Y; is symmetric. O

2.2 Davis—-Kahan
Lemma 1. Let A, E € R¥*? be symmetric matrices, and v € R~ such that
U; = V41 (A)TEUl (A)

If)\l(A) — )\Q(A) > 0 and
A1(4) — A (4)

1B, < A2

then

V1= (i(A)T0 (A+ B < A(A;HIUIMA)

(Corollary 8.1.11 of|Golub and Van Loan|(1996)).
2.3 Bounding error in estimating the mean

Proposition 5. Let 0 = (g — i, pto + ) for some pg, i € R and Xy, ..., X, H Py. For any
0 >0,

P ( o - finll > o <34,

2max(d, 8log +) 2log &
\/6 + [l :
n n



Proof. Let Zy, ..., Z, " N'(0,1) and Y1,
Then for any €1, €5 > 0,

Y, ii.d. such that P(Y;

—~ 1+4+€)d
P (H#o il 2 oy LT ||u||e2>

1
=P _Z Z Y,
(Mo n;(a + po + 1Y)
P 122‘
7 ni:l '

1
n_

d
. %
i=1

d

1+¢€)d
dra)d, ||N||62>
n

> gy UM +u||62>
ZY > o[, ||€2>
mnel)d>+IP’<iZYi 262>

d 2
< exp {—2 (e1 — log(1 + 61))} + 2exp {—HEQ}
where the last step is using Hoeffding’s inequality and Proposition Setting € = 4/ 2 hf 2
~ (1+e)d 2log §
lio = finll > o4/ ==+ ||ul 2
n n
d

2
< exp {—2 (e1 — log(1 + 61))} + 26.

ZZ + p— ZY

IN

+ el

P

Since €; — log(1 +€1) > < min(1, €;),
d d .
exp {—2 (e1 —log(1 + 61))} < exp {—861 min(1, 61)}
Setting
€1 = \/SI(Zlg‘lS max (1, 81(2;;[15),
we have

5 d 8log +
P | o = finll 2 o | ~ 1+\/ 2

8log L
pi max (17 pi ‘5 +||p ||H
and the bound follows.

= 1) = B(%;



2.4 Bounding error in estimating principal direction

Proposition 6. Let 0 = (o — i, pio + 1) for some g, pn € R% and X,
for any 08,61 > 0, with probability at least 1 — 5 — 267,

iid.

vy X ~ Py, Ifn > d then
IS0 = (0 La + p") 15

2log L d 2log + d
1+ dg5 JEmax [ 1, [ 1+ 85
n

d n
1
+ 02 1+\/810g‘15max<1 810g5> g
d ’ n

d

8log & 8log +
+ do||y| 1+\/ C;g5max(1, C;g5>

where Y., is the empirical covariance of X;.

< 302

2 1
d , 2l log 5;

n
Proof. We can express X; as X; = oZ; + uY; + po where 21, ..., Z,, i‘ri'vd'./\/((), I;) and Y7,...,Y,
i.id. such that P(Y; = —1) = P(Y; = 1) = 1. Then
Sn = (021 + pp”) = 0*(SF — 1) — pp"Y
1 « —
NVYzZ-YZ|u"
+o <n ; i ) o

T
1 — —
N'v,z,-YZ

where if is the empirical covariance of Z; and Y and Z are the empirical means of Y; and Z;. So
a a —2
120 = (0% L+ pp") |2 < |27 = Lall2 + |ull?Y
1 n
+ 20| (H” ; Y,Z;
By Hoeffding’s inequality,

+ |Y|||Z||> :
_ 2 2]og +
P <|M|2Y2 > ”MH g 51> < 24,.
n

Since |Y| < 1 and since Y;Z; has the same distribution as Z;, by Proposition for any € > 0,
P <2UIIM (

1< S (1+e)d
—-> iz +|Y|||Z||> > doull )
n =1 "

< 2exp {2 (c — log(1 +e))} < 2exp {gemin(l,e)} .

8log + 8log &
e:\/ Og5max<1, 0g5>
d
we have

d
1 n
P [ 20]|l] EZYiZi

i=1
< 26.

Setting

— = 8log &
+|Y|||Z||> > do|pl| 1+\/ pi .




Finally, by Proposition 3] with probability at least 1 — 34,

[21log & ) 21
2||EZ Ii|]2 <302 og5 \/7max 1, °8 —
d n
L 8log d
+o? |1+ d‘smax<1, 5) —

d
and we complete the proof by combining the three bounds
Proposition 7. Let 6 = (uo

=
QU

n

O
iid.

s fio + p) for some jug, p € R and X1, ..., X, "~ Py. If n >d > 1
then for any 0 < § < f and i € [2..d], with probability at least 1 — 70,
v;

(oI + pp ™) (2,

( 21+MMT))U1(U2I+HNT)‘
10log & 10log &
§021\/ Olog 5 max (1, Olog 5
2 n

210g 210g
L)+ olll L (02 + alul) o
Proof. Let Zy, W1, ..., Zp, Wy, =" N(0,1) and Y7,

.., Yy, i.i.d. such that P(Y;
It is easy to see that the quantity of interest is equal in distribution to

1
n

> (02— 0Z)(oWi — oW + ||ullY; — [|u|Y)
j=1

where Z, W, Y are the respective empirical means. Moreover.
n

1 _ _
nZ(UZ —0Z)(oWi — oW + ||pullYi — ||u[]Y)
j=1

<o n;Zsz + 02 |Z)|W| + o|ull
From Proposition 4 we have

- > zZYi|+olull|Z]|Y].
=1

P

using Hoeffding’s inequality,

1 [10logi 10log +
> \/ %5 max <1, Ogé)) < 26;
2 n n
_ 2log L
P([V] > 25 | <26,
n

and using the Gaussian tail bound, for 6 <

o

— 2log +

P2/ 22 ) <5
n

and the final result follows easily

Proposition 8. Let 0 = (ug — 1, o + 1) for some g, u € R and X,
andn > 4d. Forany 0 < § < 4

O
X, ~ Pywithd > 1
e if
( o o ) max(d, 8log }) 1
ax | o, < —
[l ]l n 160



then with probability at least 1 — 120 — 2 exp (—%),

= 2 101og 4 101og ¢
\/1 — (v1(o?I + pp™)Tv1(E,))? < 14max <U U) Vd %85 max (17 %82,
n n

el el

Proof. By Proposition |§I (with 07 = exp (f%)), Proposition [7| (with o = ﬁ), and Lemma

2
with probability at least 1 — 126 — 2exp (—35),

V1= @ + )T (5,2

4v/d -1 1 | 10log 42 10log 4L 2log 41 2log =L
o T max (1, ) ol | = (0% + o)

< — |o
[[lI? 2 n

and the result follows after some simplifications.

O

2.5 General result relating error in estimating mean and principal direction to clustering
loss

Proposition 9. Let 0 = (g — p, pio + 1) and let

o1 ifaTu > alv
F(z) = { 2  otherwise

for some xg,v € R, with ||’UH = 1. Define cos 8 = |[vT u|/|| |- If |(xo — po)Tv| < oer + || pllea
for some e > 0and 0 < e5 < < =, and if sin 8 < VL then

2
Le(ﬁ)ﬁeXp{;maX(O,w%l) HQ reltl s osus (2amslil 1))

Proof.

Lo(F) =min Py({a : Fy(x) # n(F(x))})
—min {Ppl{z ¢ ((x — o) ) (x — w0)"v) > 0},
Pylfe: (2 — o) )((x — 20)Tv) < 0}]}.

WLOG assume v?' ;i > 0 (otherwise we can simply replace v with —v, which does not affect the
bound). Then

Lo(F) = Pol{z : ((z — po)Tw)((x — o)) < 0}]
= Pyl{z: ((z — po)T1)((z — po)Tv — (20 — p10)Tw) < 0}]

=2 s (=) ) o= ) (o0 = o)) < 0}

W
Define M
p“zia
[l
& = (¢ — o) i
and r r
o A U TV — Qv
Yy=T—w) 77— 7 =T —Mo) ———7—
& = o)y =] = 7R "G p
so that

=Py [{z: & (ysinB+Zcos B — (zo — po)"v) < 0}]
= Py [{ : min(0, B()) < & < max(0, B(§))}]



where .

" (zo — po) v
B =

(#) Py

Since & and y are projections of x — o onto orthogonal unit vectors, and since & is exactly the

component of x — g that lies in the direction of 1, we can integrate out all other directions and

obtain

— g tanf.

00 max(0,B(¥))
= [oum [ (00l luld + gonta = ) ) dsa
—oo min(0,B(¥))
where ¢, is the density of A'(0, o2). But,
max(0,B(y))
(50000 + el + 3006~ ) ) a

min(0,B(¥))
max(0,B(y)) max(0,B(¥))

1 1
I B C N LR R PP

min(0,B(Y)) min(0,B(Y))

% (q) <max(o,B(g)) - Iull) ® (min(&B(y)) + |Iu>)

g g

L (_q) (—maX(O,B(ﬁ)) + ||u||> P (—min(ovB(zj)) + ||M|))

2 o o

-3 (w (B (L1501

Since the above quantity is increasing in | B(%)|, and since |B(%)| < || tan 8 + r where

(o — MO)TU

T =
cos f3

)

we have that, replacing ¢ by x,

L) < | 7 L(2) [q) (nm ; x|gtan/3+r) e (|u| - |xatan/ar>] N

— 00

G () o (B

Z¢ o (=) o (20 oy ans )
()0 (=)

Since tan 3 < 1, we have that r < 2|(xg — o) v| < 20¢; + 2||p||e2 and

() +(5) oo 212

< (26 + 2e9 M”) (max <0, (1- 262)M - 61)> ,
o
and since €5 < i

o(8) -0 (2] oo )s fo0 ).




Defining A = ‘W ,

S () o (B i)

00 A cos B+(z+Asin 8) tan

/ / s@otydr =2 | / 6(2)6(y)dyda

0 A—ztanf —Asin 8 Acosp
< 2¢(Acos () tan 3 / (z + Asin 8)¢p(x)dx
—Asin 3

= 2¢(Acos ) tan 8 (Asin SP(Asin 8) + ¢(Asin f))
<2¢(A)tan S (Asin S+ 1)

w<m< (o

Oc o) o (L) o (B ) e
o o ) ()

So we have that

Lg(ﬁ) <2 (61 + €2|N|> 10) (max <O, % - 261>>
+ 2¢ <max( ||2N|| 2¢ )) anﬁ(<2w+2€1> sinﬁ—l—l)
<o (max ( H'uH — 261>) X
20

[261 +2€2||M|| sinﬁtan@M + 4eq sinﬁtanﬂ+2tan6]
o

2
1
gexp{—Qmax (O,'QMH—QQ) } [261+62||'u+ B<251 ”M” )} .
g g

2.6 Non-sparse upper bound

and

Theorem 1. Forany 0 € ©) and X1, ..., X, b Py, let

Blay={ 1 i u(En) 2 ln(E,)
2 otherwise,

and let n > max(68,4d), d > 1.
Then

4 dlog(nd
sup ELg(F) < 600max( - ,1> dlog(nd)
N A n

Furthermore, lf% > 2max(80, 14v/5d), then
~ )\2
ELy(F) < 17 ( ) 9 AN

10



Proof. Using Propositions |5| and |8 with § = ﬁ, Proposition EI, and the fact that (C' +
x) exp(—max(0,z — 4)%/8) < (C + 6) exp(— max(0,x — 4)?/10) for all C,z > 0,

ELg(F) < 600 max 107 1) [ doslnd)
By n

(it is easy to verify that the bounds are decreasing with ||u||, so we use [|u] = % to bound the
supremum). Note that the d = 1 case must be handled separately, but results in a bound that agrees
with the above.

Also, when % > 2max(80, 14v/5d), using 6 = exp (f%),

~ )\2
ELg(F) <17 exp (—3%) +9exp <— 02) .

2.7 Estimating the support in the sparse case

Proposition 10. Let O = (uo — p, pio + ) for some po, pp € R% and X1, ..., X, Lid. Py. For any

0<d< f such that Gl(f% < %, with probability at least 1 — 6d0,

N 6log + 521
Sl 1) = (0% + u(@)?)] < 0?28 + u/ (o + °g5

foralli € [d].

Proof. Consider any i € [d]. Let Zy, .. Zn“ASl N(0,1) and Y7, ..., Y, iid. such that P(Y; =

—1) =P(Y; = 1) = 1. Then £,,(s, ) is equal in distribution to
fz (0Z; 4+ p(i)Y; — 0Z — p(i)Y)?
where Z and Y are the respective empirical means, and

1O Iy — -
= E (0Zj+ u(i)Y; —oZ — p(i = E (0Z;j + u(@)Y;)? — (0 Z + p(i)Y)?
j=1 Jj=1

3
3

:aQ%ZZJ?Jru )2+ 20u(i) ZZY
j=1

0?7~ (i)Y — 20u(i)ZY

So, by Hoeffding’s inequality, a Gaussian tail bound, and Proposition [T} we have that for any 0 <
0 < f’ with probability at least 1 — 60,

S . 6log & . 2log + L 52logt
Baid) = (0 pi))] £ o\ =258+ 20l = (o4 u@)P

(o + (D))

where we have used the fact that for € € (0,0.5],

2
max {—e+ log(l +¢), e+1log(l—¢)} < f%

and the result follows easily. [

11



Proposition 11. Let 0 = (p1g — 1, po + i) for some po, pp € R% and X1, ..., X, P, Define

S(0) = {i € [d] : u(i) # 0},
6log(nd) n 2log(nd)

n n
S(0) = {i € [d] : |u(i)| > 4o/},
~ 1+« EN
n m?elﬁzn(%l)v

and
Tt
)

) >
Assume thatn >1,d > 2, and o < i. Then S(6) C §n C S(0) with probability at least 1 — %

Proof. By Proposition with probability at least 1 — %,

& 5 [6log(nd) 2 log(nd) 2log(nd)
n

(i, 0) = (0® + p(@)*)| < o + (o + |n(@))*—

for all i € [d]. Assume the above event holds. If S(6) = [d], then of course S,, C S(6). Otherwise,
fori ¢ S(6),

+ 201 u(3)]

(1—a)o? < $,(i,i) < (1+a)s?
so it is clear that S, € S(6).

The remainder of the proof is trivial if 5(8) = @ or S(6) = (). Assume otherwise. For any i € 5(6),

£(ir1) > (1~ ) + (3)? — 20u) 1 2B iy 2B 522108 (nD)
> (=gt + (1= 2D i = valui))
By definition, |p(i)| > 40/a forall i € S(6), s

7(11_&02 o2 < (1—a)o* + (1 -

~

210%(nd>> 1(i)? = 2a0|1(3)] < Si, i)

n

~

and 1 € §n (we ignore strict equality above as a measure 0 event), i.e. S (9) C S, which concludes
the proof. O

2.8 Sparse upper bound

Theorem 2. For any 6 = (o — i, fto + i) € Oz s and X1, ..., X, B Py with n > max(68,4s)
and s > 1, define
6log(nd) n 2log(nd)
n n
~ 1+a . 4
=

and

Assume that d > 2, and o« < %. Let

7 (x)_{ 1 ifal m(zsn) zﬁg"m(i@l)
" 2 otherwzse

where [iz g, and EA are the empirical mean and covariance of X; for the dimensions in Sn, and 0
elsewhere. Then

1
~ 1 2 1 1 1
sup ELg(F) < 603max (197" 1) ,/218(n2) +2200f og(nd) \ "
QEGA,S )\ n n

12



Proof. Define
5(0) = {i € ld] : u(i) # 0}

N S(0) ={i € [d] : |u(i)| = 4oV},
Assume S(#) C S, C S(6) (by Propositlon this holds with probability at least 1 — &), If
S(0) = 0, then we simply have ELy(F,) < 1.

and

Assume S(6) # 0. Let R R
cos B = [v1(Xg )TUI(E)L

n

COSEZ |v1(2§ )TUl(E)h

n

and ~
cos B = |vl(2§n)Tvl(E§n)\
where ¥ = o2] + ,u,uT, and X 3, is the same as X in §n, and 0O elsewhere. Then
sinB < sianL sin 3.
Also
~ n—Hg
ang 8= b5l
[l
ll— N§(9)H
[l
_ dova/IS()] - 10|
B [l

S

<8
A

Using the same argument as the proof of Theorem |1} we have that as long as the above bound is
smaller than ﬁ,

~ 2 1
ELg(F) < 600 max 0—271 slog(ns) 4104V 3
(% —doy/sa) n A n

o? slog(ns) s
<603 16—,1 _— 104
< oo (107;.1) 2 X

However, when 8 ”‘/a > 7, the above bound is bigger than , which is a trivial upper bound on

the clustering error, hence the bound can be stated without further conditions. Finally, since o < i,
we must have W <1,soa < (V6+2)y/ log("d) , which completes the proof.

3 Lower bounds

3.1 Standard tools

Lemma 2. Let Py, P, ..., Py be probability measures satisfying
M
i > KL(P;, Py) < alog M
i=1
where 0 < a < 1/8 and M > 2. Then

f P, > 0.07
in nax (v #1)

(Tsybakov|(2009)).
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Lemma 3. (Varshamov-Gilbert bound) Let Q0 = {0,1}™ for m > 8. Then there exists a subset
{wo, -y war } € Q such that wy = (0, ..., 0),

p(wmwj)zg, VO<i<j<M,

and
M > 2m/87
where p denotes the Hamming distance between two vectors (Tsybakov|(2009)).

Lemmad4. Let Q = {w € {0,1}™ : ||w|lo = s} for integers m > s > 1. Forany o, 8 € (0, 1) such
that s < afSm, there exists wy, ...,wpr €  such that for all 0 < i < j < M,

p(wi,w;) > 2(1 —a)s

and
m
> -
log(M + 1) > cslog ( . )
where
c=—2  _(“logB+B-1)
—log(ap)

In particular, setting o = 3/4 and § = 1/3, we have that p(w;,w;) > s/2, log(M + 1) >
£ log (%) as long as s < m/4 (Massart|(2007), Lemma 4.10).

3.2 A reduction to hypothesis testing without a general triangle inequality

Proposition 12. Let 6y, ...,00 € Oy (or Oy ), M > 2,0 < o < 1/8, andy > 0. If

log M
max KL(Py,, Py,) < 22
i€[M]

and for all 0 < i # j < M and clusterings F,
Ly, (ﬁ) < vy implies Ly, (ﬁ) >,
then

inf Ey. Ly (E,,) > 0.07~.
11% ien[[(l)%ﬂ s 0"( )_ v

Proof. Using Markov’s inequality,

inf max By Lo (F,) > ~inf ma P",(Lﬁn> )
inf meax, Eo. 0, ( )_7153” e B, 0, (Fn) >y

Define w*(ﬁn) = argmin Lgi(ﬁn). By assumption, Ly, (ﬁn) < +y implies ng(ﬁn) > ~ for any
1€[0..M]
j # 1,50 Ly, (F,,) < ~ only when ¢* (F},) = i. Hence,

Py (w*(ﬁn) - z) > Py (Lgi(ﬁn) < ’y)

and
inf Py (Lo (Fa) 2 ) = Py (v7(Fa) #1)
inf_max Fs, 0.(Fn) = = Dnax B (¥ (Fn) # i
> inf max P} (A )
2 inf max B Un #1
> 0.07
where the last step is by Lemma 2] [
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3.3 Properties of the clustering error

Proposition 13. For any 6,0' € ©,, and any clustering F, if

KL(Py, Py)

Lo(Fy/) + Lo(F) + 5

1
< o
-2
then

KL(Py, Py) . - KL(Py, Py)

Lo(Fyr) — Lo(F) — 5 < Lo/(F) < Lo(Fyr) + Lo(F) + 9

Proof. WLOG assume Fy, Fy/, and F are such that, using simplified notation,
Lo(Fy) = Py(Fy # Fp)

e Lo(F) = Py(Fy # F).
Then
Py(Fp # F) = Py ((Fg = Fp) N (Fy # F)U (Fy # Fy) N (Fy = ﬁ))
=P ((Fe — Fy) N (Fy # ﬁ)) o ((Fg £ Fy) N (Fy = ﬁ)) .
Since
0< Py ((Fg = Fp)N (Fy # ﬁ)) <P, (Fg ” ﬁ) = Lo(F),
Py ((Fe # Fo ) N (Fy = ﬁ)) < Py (Fo # Fo) = Lo(For),
and

Lo(Fy) = Lo(F) = Py (Fy # For) = Pa(Fy # F) < Py ((Fo # Fo) 0 (Fy = F) ),
we have that
Lo(Fy) — Lo(F) < Py(Fp # F) < Lo(Fp) + Lo(F)
and

Lo(Fy) — Lg(F) — TV(Py, Po') < Py (Fy # F) < Lg(Fy') + Lo(F) + TV(Ps, Py).

It is easy to see that if Lo(Fy') + Lg(F) + TV (P, Py) < %, then the above bound implies
Lo(Fy) — Lo(F) — TV(Py, Py') < Lo/ (F) < Lg(Fy) + Lo(F) + TV(Py, Py).

The final step is to use the fact that TV (Py, Py:) < 4/ W.

Proposition 14. For some fig, p, i’ € R such that ||u|| = |||, let
1 u
o= o o)
fo = 55 ko 1 5
and
' '
A Ry,
(Mo 5 1 Ho + 5 )
Then
e i 5 cos 1
2¢ sin Becos f < Lyg(Fypr) < —tan
20 T
where cos 8 = ‘ﬁZﬁ;' and g(x) = ¢(x)(Pp(x) — z®(—x)).
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Proof. 1t is easy to see that
1 /1
Le(Fef)Z*/fd)(E) P M+ |2] tan 8 _® Nl Jtan B de.
2) o' \o 20 o 20 o
R

Define £ = % With a change of variables, we have

/(;5 D (E+ |z|tan B) — @ (€ — |x| tan 8)) dx

= /d)(:r:)(q)(f + ztan B) — (£ — ztan f))dx

For any a < b, ®(b) — ®(a) < 222, s0

< [ ¢(z)(®(xtan §) — ®(—z tan §))
<tan6\/2/x¢(x)dx

Also,

/¢ D¢ +xztanB) — ®(§ — xtan fB))dx
0

o0

22tanﬂ/az¢ o(€ 4+ z tan B)dx

7 2 2
—2tan5\/12?/m\1ﬁexp{—x +(£+2xtanﬁ) }dm
0

2
SRR Y tan / 1 (o + hents) ;
= npAh—ex - S 2
V2 P 2 1+tan Vo . Pl e
0 (1/1+tan26>
1 £2 (:U—i—fsinﬁcosﬁ)2
> > _
2tanﬁ\/7 { 5 } { 50?3 dx

2 2 in
— 2tan Bo(€) {C‘;}f exp {—5 82 ﬂ} — ¢in B cos? 5@(-5@&)}

= 2sin fcos () [¢(§ sin ) — E sin fO(—¢ sin )]
> 2sin fcos B () [#(€) — E@(=E)].-

16



3.4 A KL divergence bound of the necessary order

Proposition 15. For some jig, i, (' € R? such that ||p|| = |||, let

6 = (#o*gaﬂoJrg)

and ) )

0 = (uo — /”;7ﬂo+’;) .
Then

KL(Py, Pp) < &*(1 — cos )
where £ = ”"” and cos B = |“T“',‘

el 1

Proof. Since the KL divergence is invariant to affine transformations, it is easy to see that

KL(Py, Py) = / / p1 (@, y) log LY gy
p2(z,y)

where

Pi(9) = 5600+ E)0y +6) + 30T — E)0( — &),

Pa(9) = 50( + E)0y — ) + 30T — E)0( + &),
é, &, = &sin é

§o =085 5

Since
pi(z,y) _ d(@+ &)oY+ &) + oz — &)dly — &)
p2(7,y) (T + &)y — &) + bz — &)p(y + &)
_ exp(=2&e — y&y) + exp(xés + y&y)
exp(—x&, + y&y) + exp(ry — y&y)

we have

DY) _ 1o SO +95y)
p2(,y) cosh(v€; — &)

Furthermore,

cosh(z&, +y¢&,)
cosh(z&; — y&y)

cosh(—x&; — y&y)
cosh(—xz&, + y&y)

cosh(x&, + y&y)
cosh(z&, — y&y)

d(w + &) p(y + &) log dxdy

¢(—x + &) d(—y + &) log dxdy

DO =

B %L o
B W

o(x — &) p(y — &) log dxdy

N =

SO

cosh(z&; + y&y)
cosh(z&, — y&y)

cosh(z; + & +y&y + &
cosh(z&, + &2 — y&, —

KL(Py, Py/)

¢($ - gx)(b(y - fy) log dxdy

B A~
B F—

$(2)6(y) log ;d .

17



But for any x

- / 6(2)6(y) log cosh(z&, + €2 — y&, — €2)dy

R

_ / 0(2)6(—y) log cosh(zt, + € + y&, — £2)dy

R

_ / 6(2)6(y) log cosh(z&, + €2 + y&, — €2)dy,

R
thus,

cosh(z€, 4 &2 + y&y + &)

x&e + & +y&y — &)

h(z\ /€2 +E2+ 62+
4(2) g cosh(z y)d
cosh(z,/&2 §y+£2 55)
(
(

/
cosh(&z + €2 + 52)
R/ !

(
cosh( dedy

KL(Py, Pp) = / / #(2)6(y) log
R R

z

dz

8 Cosh §z2+82-62)

since &2 + 53 = £2. By the mean value theorem and the fact that tanh is monotonically increasing,

cosh(£z + &2 4 €2)
%8 cosh(éz + €2 — €2)

< 2¢2tanh(£2 + €2 + €2)

= 2{5 tanh(£z 4 £2)

for all z. Since tanh is an odd function,

KL(Py, Py) < 25?3 / #(2) tanh(€z + €2)dz

= 255 / #(2)(tanh(£z + £2) — tanh(£2))dz
R

Using the mean value theorem again,

tanh(éz + €2) —tanh(€2) < €2 max (1 — tanh?(z))
z€[€z,62+€2]

<&
for all z, so

KL(Py, Py) < 28%¢]

= 2¢%sin? g
= &1 = cos ).

3.5 Non-sparse lower bound

Theorem 3. Assume that d > 9 and % < 0.2. Then
. ~ 1 . [+log20% [d—1 1
f sup EgLg(F;,) > — — L=
11% e»b.gueg)A oLo(Fn) 2 500 mm{ 3 A2 n 4
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Proof. Let{ = 5, and define

min{\/log2 0?1 A }
€= —_— .

3 AN Vn4/d—1
Define \2 = A2 —(d—1)¢? LetQ—{O 13471 Forw = (w(1),...,w(d—1)) € Q,let puy, = Noeq+
S (2w(i) — 1)ee; (where {e;}2, is the standard basis for ]Rd) Letf,, = (—H42, b2) € ©,.

By Proposition[T3] for any w, v € €,
KL(Py,, Pp,) < &*(1 — cos fu,.)

where
wlp|
A2 A2

cos By, =
and p is the Hamming distance, so
KL(Py,, Ps,) < 54%(“;7’2”)6
< ¢t 2(d ;21)62
By Proposmonn since cos 3, > %

1
LGW (FGV) S - tanﬁw,u

T
1+/1+cospB,.

< 776’\/1 — €08 B
T coS Py ’

é\/d— le

T A

IN

and

Low (Feu) > 29(5) sin ﬁw,u Ccos 5w,v
> g(§) sin B,

> ﬁg(&)w

where g(z) = ¢(z)(¢(z) — ®(—x)). By Lemma 3] there exist wo, ...,wnrs € € such that M >
2(d=1)/8 and

d—1
p(wiij)ZT, VO<i<j<DM.

For simplicity of notation, let 6; = 6,,, for all ¢ € [0..M]. Then, for i # j € [0..M],

2(d — 1)e?
KL(Py,, Py;) < 54()\72)7
and
4 +/d—1le
Lo, (Fp,) < —
T A
and
1 vd—le
Lo, (Fp;) > 59(§) ——
2 A
Define
Vd— le
7= 0(6) - 269 Y



~

Then for any i # j € [0..M], and any F such that L, (F) < 7,

. [KL(P,, Py, 4
Lo, (F,) + Lo, (F) + | 220 T0) (

because, for £ < 0.1, by definition of ¢,

41 oo D\ Vd—Te Y/ 1
(3+ 160 -2e+¢) X L
So, by Proposition [I3]
~ . [KL(Py, Py,
Loj(F)ZLei(Fej)_Lei(F)_ %27

Also,

2e
max KL(Py,, Py,) < (d — 1)54ﬁ

i€[M]
< log M
In

because, by definition of e,

€2 log 2

42
¢ )\2 - n

So by Proposition and the fact that £ < 0.1,

inf Ey. Lo. (E,) > 0.07
ot sy o Lo (Fa) = 0,07y

= 0.073(g(€) — 26) Y1

1 . \/logQU /d— 11
> —— min — , =
500 3 A2 n 4

and to complete the proof we use the fact that

inf sup E¢Lg(F),) > inf max Eg, Ly, (F).
F, 0c0, F, i€[0..M]

3.6 Sparse lower bound
Theorem 4. Assume that > < 0.2, d > 17, and
d—1

Then

}

~ d—1
inf sup EgLg(F, lo ),
o 06@35 oLo(Fn) > {\/ )\2\/ g p—

Proof. For simplicity, we state this proof for ©) s41, assuming 4 < s < 3=,

define

. 8 o? Lo (2=1) 1A
=min g 4/ — [~ — |, ==
¢ Vs a\n s )25
Define A\2 = \2—se2. Let Q = {w € {0,1}97 ! : |wl|lo = s}. Forw = (w(1), ..

Lo = Xo€d + Zf;ll w(i)ee; (where {e;}%_ is the standard basis for R?). Let
O s

20

9

N =



By Proposition[T3]
KL(Py,, Pp,) < &*(1 — cos fu,.)
where

T
cos By, = |'u°;\'l;”| —

and p is the Hamming distance, so

KL(Py,, Py,)

By Proposition since cos B, > 1,

and

L9w (Fev) > 29(5) sin /Bw,u COs 5w,y
> g(§)sin B,
() Vi@ v)e
N X
where g(z) = ¢(z)(¢(z) — 2®(—z)). By Lemma[d] there exist wo,
1) > Zlog (d_l) and

S

VO<i<j<M.

S
p(wuwj) > 57

..ywpr € Q such that log(M +

For simplicity of notation, let §; = 0,,, for all ¢ € [0..M]. Then, fori # j € [0..M],

2

se
KL(Py,, Py;) < €' 55
and
24/2 \/se
Lo (Fy) < 225
T A
and
g(§) V/se
Lo (Fp ) > 222V~
0. (Fb;) 2 =57~
Define /5
1 s€
v =~(g(§) — V28—
4 A
Then for any i # j € [0..M], and any F such that Ly, (F) < v,
-~ KL(P@.,PQ,) 22/2 1 9 52 sS€ 1
Lo (Fy. Ly (F 7 - 2 = | <=
0. (o) + Lo (F) 4 2570 < (52 4 100(0) Va8 + o | M < 5
because, for ¢ < 0.1, by definition of e,
22 1 £ S€ se 1
22 V2 4 S | Y o Vo
<W+gﬁ>Jm+ﬁ>A_A_2
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So, by Proposition [[3]

Lo (F)>L9i(F97)7L97(F)7 2“ o>
Also,
max KL(Py,, P )<§4£
ie[l\flc b)) =5 32

IN
gl
3

—

]

o
VR
7 N\

S
@ ||
—_
~~
(o)
\

[

~_—

IN

because, by definition of ¢,
2
4 S€ s d—1
< —1 — .
22 = 90n 8 ( s )
So by Proposition[I2]and the fact that £ < 0.1,
inf max Eg,Lg, (F,) > 0.07y

F, i€[0..M]
> 0. 070 L \[E

_W{@ 3y 1)

and to complete the proof we use the fact that

inf sup Eng(ﬁn) n
F, €05, Fn i€[0..M]
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