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13.1 Universal Prediction

In the previous lecture, our results were based on the assumption that the source distribution is known. The
goal of universal prediction is to relax this assumption. In universal prediction, the source distribution is
not known.

In the homework we saw the following example: Given the data X ~ p, instead using the true distribution
p(x), we use another distribution ¢(x) to encode the data, which means

1) = log =]

. In the homework we proved the following bound:
H(p) + D(plla) < Epl(x) < H(p) + D(pllg) +1 (13.1)

The goal in universal prediction is to find a ¢ that has D(p||q) small for all p € P. Such a coding distribution
would be universal for P.

There are two cases in universal prediction - the adversarial case and a more average case.

13.1.1 Adversarial Case

Given a sequence =} € X", we define the regret of using distribution @ over P.

1 1 u 1 1
Reg(Q, P, x7) i=log —— —log ——— = » log — — log — (13.2)
! q(x7) p(at) ; qzilay™) plalei)
We care about the worst-case regret with respect to a class of P:
Reg,(Q,P) = sup Reg(Q,P,z}) (13.3)
PeP,xteX
13.1.2 Redundancy minimization
Here is a less adversarial case. We define the redundancy which is the expected regret under P.
1 1
Red,(Q, P) = E;nop|log —— —log ——| = D(P||Q 13.4

13-1



13-2 Lecture 13: Feb 24

The worst-case redundancy with respect to a class P is

Red, (Q,P) := sup Red,(Q, P) (13.5)
PeP

13.1.3 Example

The problem in the HW2 that if we use Shannon code for @ instead of P is related to redundancy.

Let Ip(x) = [log ﬁ], lq(z) = [log ﬁ] Then,

Then we have the redundancy.

1
Red,(Q,P) = Ep|log—— —log——r (13.6)
[ q(x7) p(a] )}
= Y Eply(w:) — Eply(x;) (13.7)
i=1
= n[Eply(z) — Eply(x)] (13.8)
— D(P|Q") (13.9)
13.2 Minimax Strategies for Regret
There are two questions here.
e How low regret can we hope for?
e How do we achieve this low regret?
Let’s define the complexity of set ©.
Comp,(©) = log/ sup po(zf)dp(zt) (13.10)
X €O

where p is some base measure on X™. Note that we may have Comp,(©) = 4+0o0. It turns out that the
complexity equals to the minimax regret in adversarial setting.

Theorem 13.1 The minimaz regret for P = {pg},0 € ©

igf Reg,(Q,P) = Comp,(0) (13.11)

And if Comp,(0) < 400, then the normalized mazimum likelihood estimator (as known as Shtarkov distri-
bution) Q, defined with density

_ n) SUPgeco pe(x?)

= 13.12
J supgee po(t)day 1512

is uniquely minimaz optimal.
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Proof: Assume Comp,(©) < +o0o. The normalized maximum likelihood distribution @ has constant regret:

_ 1
Reg,(Q,P) = sup |log——= —log
n(QP) m?eX[ q(z7) Supepe(x’f)}
Q n d n 1
= sup [logfbup%@pe(mlz ! — log 7n]
TPEX SUPgco Po (951 ) supy po (2] )
= Comp,(P)

Moreover, for any distribution ) on X™, we have

1 1 — (. n
Regn(Q,P) = /[log q(m,)—logSupepe(x?)]q(xl)du(xl)

;
_ o 10@1)
B /[1 &)

D(QIIQ) + Comp,(©)

+ C’ompn((a)]ﬁ(x?)dat?

13.3 Mixture (Bayesian) Strategies and Redundancy

Here we move to the less adversarial case. Recall that
Red,(Q, P) = D(P"||Q.)

The goal is to find distribution @ such that for any 6y € ©

1 n n
ED(PGOHQ )—0,n—0

(13.13)

(13.14)

(13.15)

(13.16)

(13.17)

(13.18)

(13.19)

(13.20)

We will use a mixture approach, which is based on choosing @ as convex combination (mixture) of all the

possible source distribution P, for 6 € O.

In particular, we start with a prior m over © and compute the marginal

g (e}) = /@ 7(0)pa(2})d6

Our algorithm will update the prior as we go and keep using the marginal.

O (]2t ) = /@ po () (6] )d

a0l = 779)100(351;1)
(0| 1 ) f(_)ﬂ'(a/)pel(lﬂi_l)del

— 1
x m(f)e R

This is referred as the exponential weights update. It is a workhorse algorithm in online learning.

Theorem 13.2 Let © C R?, under some reqularity conditions,

1 1
LN log —— + ilogdet(lgo),n — 00
e

d
D(P!|QT) — —log —
( GOHQW,) 9 0og o ﬂ_(eo)

(13.21)

(13.22)

(13.23)

(13.24)

(13.25)
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We do not give the rigorous proof here. The main point here is that we do get +D(P [|QF) — 0

Here we give an example. We have a Bernoulli distribution with Beta prior. Suppose X; ~ Ber(6) and let
7 be a Beta(a, 8) distribution.

(6) = moalu _ gy (13.26)
where .
I'(a) :/ t*te~tat (13.27)
0

We have the fact that E-[0] = ;95. So what is the predictive distribution @7 Let S; = E;Zl X; be the

number of heads up to the i. Then,

7(0|2}) o po(xt)m(h) oc HOTSi71(1 — g)SFi=Si—1 (13.28)
7(0|x%) ~ Beta(a+ S;, B +1i — S;) (13.29)
Si+a

13.4 Bayesian Redundancy

Suppose we knew that the parameter 6 was drawn from some known prior 7. The data is then drawn from
Py. For a distribution @Q),, that we choose, we have the Bayesian redundancy.

Egnr D(Fg'||@n) (13.31)

Now let T' ~ m denote the parameter. The mutual information between T to the data is
1(T5a3) = [ 7ODFFIQ7 = inf [ =(O)D(Po|@)d0 (13.32)
The worst-case Bayesian redundancy is

suplnf/ D(Fy||Q) —supI(T x}) (13.33)

13.5 Redundancy Capacity Duality
We want to know if the worst-case Bayesian redundancy is the same as the minimax redundancy.
sup inf / m(0)D(P||Q) = inf sup D(P5[|Q) (13.34)
T %

Clearly, the Bayesian redundancy < minimax redundancy.

sup I.(T; 27) < iIQlf sgp D(P"||Q) = igf Red(Q,P) (13.35)

It turns out that the other direction is also true. This is the redundancy-capacity theorem.
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Theorem 13.3 Let X be a random variable, taking finite number of values. Let © be a measurable space.
Then,

sup igf/D(P9||Q)d7r(9) =sup I (T;z}) = igf sup D(Py||Q) (13.36)
T ™ 0

Moreover, the infimum on the right is uniquely achieved by some distribution Q* and if ™ achieves the
supremum on the left, then Q* = [ Pydrm*

Proof: Recall the definitions:

1 1
Red(Q,0) = KL(B||Q) = Eps[—logm — log Pg(:c)] (13.37)
Red(Q, /D Py, Q)dr(6) (13.38)
Our goal is to show:
(1) sup, I:(T; X) = sup, infg Red(Q, )
(2) sup, infg Red(Q, ) = infg supy K L(Ps]|Q)
(1) is straight forward:
I(T; X) = /W(T)p(X\T) log% = /W(T)D(PT;?) (13.39)
where P = [ Pypdm(0) Need to show that
[ @)p@eeP) <t [ #()D(PrQ) (13.40)
B — - Pr(z)
/W(T)D(PT, pP) = /O/w (0)Pr(z)log D) (13.41)
_ Po(x) | 1o Q)
= /G/ng(x)[log W) log ?(x)]w(ﬁ) (13.42)
= [0+ [ sor w0 L (13.49
— [+@®D@wi)Q) - DPIQ) < [ =6)D(Fi]Q) (13.41)
So we have (1)
sup I.(T; X) = sup igf/ﬂ'(@)D(Pg”Q) = stlrpinged(Q,W) (13.45)
For (2), by (1) we already have one direction. i.e. we know that
igf sup Red(Q,0) = igf sup Red(Q, ) > sup igf Red(Q, ) = sup Iy(0; X) (13.46)
6 ™ ™ ™
So we need to show just
igf sup Red(Q,0) < C = sup I:(6; X) (13.47)
0 7'r

We will exhibit a Q, @ = [ Pydr(0) where 7 achieves supremum in definition of C. Now we will show that

ZP(, Jog W) e vpeo (13.48)
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By contradiction: assume 36 such that this fails, call it 6*. Define

7y = (1= A7+ Mg+, Q™ = (1 — N)Q™ + APy (13.49)
We have
H(X|T)= (1-MNH(X|T)+ \H(z|T = 6%) (13.50)
L (T:X) = Hp (X) - He (X|T) (13.51)
H((1=MNQ™ 4+ APy-) — (1 = \)H,(X|T) — NH(X|T = 6*) (13.52)

at A = 0, both side are equal to capacity C, since H.(X|T) = H.(X) — I.(T; X).
Now take the derivative with respect to A

%H((l “NQT+AP:) = =Y (Po-(z) — Q" () log((1 = Q" (x) + APy-(z))  (13.53)
%IW,A(T; X)) = D (P — Q7 (2))10g(Q™ (x)) + Hr(w) — In(T; X) + Z Py(x) log Py(£)3.54)

= D(B|Q)-C (13.55)

So if inequality is violated, the m does not achieve the capacity since we can mix in some of 6* to do better.
|



