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• Support Vector Machines 

• Boosting
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So why work with the dual?
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Dot'Product'of'Polynomials'
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Support Vector 
Machines

Dual'SVM'–'nonHseparable'case'

37%

%
%
%
%
%
%
Dual%problem%is%also%QP%
Solu$on%gives%αjs%

comes%from% Intuition:%%
Earlier%1%If%constraint%violated,%αi%→∞%
Now%1%If%constraint%violated,%αi%≤%C%

From class slides.



Boosting
Vo$ng''(Ensemble'Methods)'

•  Instead+of+learning+a+single+(weak)+classifier,+learn+many+weak'
classifiers+that+are+good'at'different'parts'of'the'input'space'

•  Output'class:'(Weighted)+vote+of+each+classifier+
–  Classifiers+that+are+most+“sure”+will+vote+with+more+convic'on+
–  Classifiers+will+be+most+“sure”+about+a+par'cular+part+of+the+space+
–  On+average,+do+beBer+than+single+classifier!+

•  But'how'do'you'???''
–  force+classifiers+ht+to+learn+about+different+parts+of+the+input+
space?+

–  weigh+the+votes+of+different+classifiers?+αt++

5 

From class slides.



Boosting

H(x) = sign

 
TX

t=1

↵tht(x)

!

All comes down to how we pick ht and ↵t.



Boosting
The algorithm:

Given (x1, y1), . . . , (xm, ym)

1. Initialize D1(i) = 1/m

2. For t = 1, . . . , T :

(a) Train a weak classifier using (x1, y1), . . . , (xm, ym) and Dt

(b) Choose ↵t.

(c) Update weights and from Dt+1.

H(x) = sign

 
TX

t=1

↵tht(x)

!Final Classifier:

By virtue of changing weights, 
you get different classifiers.



Boosting
So now the question is how do we pick 

αt and Dt+1 intelligently?
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 εt = 0 if ht perfectly classifies all weighted data pts  αt = ∞ 
 εt = 1 if ht perfectly wrong => -ht perfectly right   αt  = -∞ 
 εt = 0.5        αt = 0  

Does ht get ith point wrong 

Weighted training error 

What'αt'to'choose'for'hypothesis'ht?'

Weight Update Rule: 

[Freund & Schapire’95] 

From class slides.



Boosting
So why are these good choices for 

αt and Dt+1?

+
Analysis+reveals:+
+
•  What+αt+to+choose+for+hypothesis+ht?+
+

+ + + + ++++++++++++++++εt+;+weighted+training+error+
+
•  If+each+weak+learner ht+is+slightly+beBer+than+random+guessing+(εt <+0.5),++

+then+training+error+of+AdaBoost+decays+exponen'ally+fast+in+number+of+
rounds+T.+

+
+
+
+
+
 14 

Analyzing'training'error'

Training Error 
From class slides.

Thus, the goal is to show by picking αt and Dt+1, we get this 
result.



Boosting

From class slides.

First, let’s bound the training error:

Training+error+of+final+classifier+is+bounded+by:+
+
+
+
+
Where++
+
+
+
 

15 

Analyzing'training'error'

Convex  
upper  
bound 

If boosting can make 
upper bound → 0, then 
training error → 0 

1 

0 

0/1 loss 

exp loss 
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Boosting
So where are we? 

We’ve established:
1
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mX

i=1

�(H(x
i

) 6= y
i

)  1

m

mX

i=1

e�yif(xi) =
TY

t=1

Z
t

So if we minimize Zt we can minimize bound on 
training error.

This is where we decide on how to pick αt.
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So if we minimize Zt we can minimize bound on 

training error.

First trick is to break Zt up into two sums.  
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So if we minimize Zt we can minimize bound on 

training error.

Note that

mX

i=1

D
t

(i) = 1

So:

X

i:yi 6=ht(xi)

D
t

(i) +
X

i:yi=ht(xi)

D
t

(i) = 1

And:

X

i:yi 6=ht(xi)

D
t

(i) = 1�
X

i:yi=ht(xi)

D
t

(i)

Note that

X

i:yi 6=ht(xi)

D

t

(i) =

mX

i=1

D

t

(i)�(y

i

6= h

t

(x

i

)) = ✏

t



Boosting
So if we minimize Zt we can minimize bound on 

training error.

Note that

mX

i=1

D
t

(i) = 1

So:

X

i:yi 6=ht(xi)

D
t

(i) +
X

i:yi=ht(xi)

D
t

(i) = 1

And:

X

i:yi 6=ht(xi)

D
t

(i) = 1�
X

i:yi=ht(xi)

D
t

(i)

Note that

X

i:yi 6=ht(xi)

D

t

(i) =

mX

i=1

D

t

(i)�(y

i

6= h

t

(x

i

)) = ✏

t



Boosting
So if we minimize Zt we can minimize bound on 

training error.

Note that

X

i:yi 6=ht(xi)

D

t

(i) =

mX

i=1

D

t

(i)�(y

i

6= h

t

(x

i

)) = ✏

t

Note that

mX

i=1

D
t

(i) = 1

So:

X

i:yi 6=ht(xi)

D
t

(i) +
X

i:yi=ht(xi)

D
t

(i) = 1

And:

X

i:yi=ht(xi)

D
t

(i) = 1�
X

i:yi 6=ht(xi)

D
t

(i)



Boosting
So if we minimize Zt we can minimize bound on 

training error.

Note that

X

i:yi 6=ht(xi)

D

t

(i) =

mX

i=1

D

t

(i)�(y

i

6= h

t

(x

i

)) = ✏

t

Note that

mX

i=1

D
t

(i) = 1

So:

X

i:yi 6=ht(xi)

D
t

(i) +
X

i:yi=ht(xi)

D
t

(i) = 1

And:

X

i:yi=ht(xi)

D
t

(i) = 1�
X

i:yi 6=ht(xi)

D
t

(i)



Boosting
Thus, we put together: 

@Z
t

@↵
t

= e↵t
X

i:yi 6=ht(xi)

D
t

(i)� e�↵t
X

i:yi=ht(xi)

D
t

(i)

X

i:yi 6=ht(xi)

D
t

(i) = ✏
t

@Zt

@↵t
= e↵t✏t � e�↵t(1� ✏t)

To get:

1)

2)

3)

X

i:yi=ht(xi)

D
t

(i) = 1�
X

i:yi 6=ht(xi)

D
t

(i)



Boosting
Thus, we put together: 

@Z
t

@↵
t

= e↵t
X

i:yi 6=ht(xi)

D
t

(i)� e�↵t
X

i:yi=ht(xi)

D
t

(i)

X

i:yi 6=ht(xi)

D
t

(i) = 1�
X

i:yi=ht(xi)

D
t

(i)

X

i:yi 6=ht(xi)

D
t

(i) = ✏
t

@Zt

@↵t
= e↵t✏t � e�↵t(1� ✏t)

To get:

1)

2)

3)



Boosting
Thus, we put together: 

@Z
t

@↵
t

= e↵t
X

i:yi 6=ht(xi)

D
t

(i)� e�↵t
X

i:yi=ht(xi)

D
t

(i)

X

i:yi 6=ht(xi)

D
t

(i) = 1�
X

i:yi=ht(xi)

D
t

(i)

X

i:yi 6=ht(xi)

D
t

(i) = ✏
t

@Zt

@↵t
= e↵t✏t � e�↵t(1� ✏t)

To get:

1)

2)

3)



Boosting
Thus, we put together: 

@Z
t

@↵
t

= e↵t
X

i:yi 6=ht(xi)

D
t

(i)� e�↵t
X

i:yi=ht(xi)

D
t

(i)

X

i:yi 6=ht(xi)

D
t

(i) = ✏
t

@Zt

@↵t
= e↵t✏t � e�↵t(1� ✏t)

To get:

1)

2)

3)

X

i:yi 6=ht(xi)

D
t

(i) = 1�
X

i:yi=ht(xi)

D
t

(i)



Boosting
Thus, we put together: 

@Z
t

@↵
t

= e↵t
X

i:yi 6=ht(xi)

D
t

(i)� e�↵t
X

i:yi=ht(xi)

D
t

(i)

X

i:yi 6=ht(xi)

D
t

(i) = 1�
X

i:yi=ht(xi)

D
t

(i)

X

i:yi 6=ht(xi)

D
t

(i) = ✏
t

@Zt

@↵t
= e↵t✏t � e�↵t(1� ✏t)

To get:

1)

2)

3)



Boosting

@Zt

@↵t
= e↵t✏t � e�↵t(1� ✏t)

0 = e↵t✏t � e�↵t(1� ✏t)

e�↵t(1� ✏t) = e↵t✏t

(1� ✏t) = e2↵t✏t
1� ✏t
✏t

= e2↵t

1

2
ln

✓
1� ✏t
✏t

◆
= ↵t

So if we minimize Zt we can minimize bound on 
training error.



Boosting

@Zt

@↵t
= e↵t✏t � e�↵t(1� ✏t)

0 = e↵t✏t � e�↵t(1� ✏t)

e�↵t(1� ✏t) = e↵t✏t

(1� ✏t) = e2↵t✏t
1� ✏t
✏t

= e2↵t

1

2
ln

✓
1� ✏t
✏t

◆
= ↵t

So if we minimize Zt we can minimize bound on 
training error.

Thus, this is why we 
chose αt in the way 

we do.



Boosting

@Zt

@↵t
= e↵t✏t � e�↵t(1� ✏t)

0 = e↵t✏t � e�↵t(1� ✏t)

e�↵t(1� ✏t) = e↵t✏t

(1� ✏t) = e2↵t✏t
1� ✏t
✏t

= e2↵t

1

2
ln

✓
1� ✏t
✏t

◆
= ↵t

So if we minimize Zt we can minimize bound on 
training error.

Thus, this is why we 
chose αt in the way 

we do.



Boosting

@Zt

@↵t
= e↵t✏t � e�↵t(1� ✏t)

0 = e↵t✏t � e�↵t(1� ✏t)

e�↵t(1� ✏t) = e↵t✏t

(1� ✏t) = e2↵t✏t
1� ✏t
✏t

= e2↵t

1

2
ln

✓
1� ✏t
✏t

◆
= ↵t

So if we minimize Zt we can minimize bound on 
training error.



Boosting

@Zt

@↵t
= e↵t✏t � e�↵t(1� ✏t)

0 = e↵t✏t � e�↵t(1� ✏t)

e�↵t(1� ✏t) = e↵t✏t

(1� ✏t) = e2↵t✏t
1� ✏t
✏t

= e2↵t

1

2
ln

✓
1� ✏t
✏t

◆
= ↵t

So if we minimize Zt we can minimize bound on 
training error.



Boosting
So let’s finish our proof on the bound of training 

error.

1

m

mX

i=1

�(H(x
i

) 6= y
i

)  1

m

mX

i=1

e�yif(xi) =
TY

t=1

Z
t

Z
t

=
X

i:yi 6=ht(xi)

D
t

(i)e↵t +
X

i:yi=ht(xi)

D
t

(i)e�↵t = ✏
t

e↵t + (1� ✏
t

)e�↵t

We’ve established:

↵t =
1

2
ln

✓
1� ✏t
✏t

◆

1)

2)

3)



Boosting
So let’s finish our proof on the bound of training 

error.

1

m

mX

i=1

�(H(x
i

) 6= y
i

)  1

m

mX

i=1

e�yif(xi) =
TY

t=1

Z
t

Z
t

=
X

i:yi 6=ht(xi)

D
t

(i)e↵t +
X

i:yi=ht(xi)

D
t

(i)e�↵t = ✏
t

e↵t + (1� ✏
t

)e�↵t

We’ve established:

↵t =
1

2
ln

✓
1� ✏t
✏t

◆

1)

2)

3)



Boosting
So let’s finish our proof on the bound of training 

error.

1

m

mX

i=1

�(H(x
i

) 6= y
i

)  1

m

mX

i=1

e�yif(xi) =
TY

t=1

Z
t

Z
t

=
X

i:yi 6=ht(xi)

D
t

(i)e↵t +
X

i:yi=ht(xi)

D
t

(i)e�↵t = ✏
t

e↵t + (1� ✏
t

)e�↵t

We’ve established:

↵t =
1

2
ln

✓
1� ✏t
✏t

◆

1)

2)

3)



Boosting
So let’s finish our proof on the bound of training 

error.
↵t =

1

2
ln

✓
1� ✏t
✏t

◆

Zt = ✏te
↵t + (1� ✏t)e

�↵t

Z2
t = ✏2t e

2↵t + 2✏t(1� ✏t) + (1� ✏t)
2e�2↵t

= ✏2t

✓
1� ✏t
✏t

◆
+ 2✏t(1� ✏t) + (1� ✏t)

2

✓
✏t

1� ✏t

◆

= 4✏t(1� ✏t)

Zt = 2
p
✏t(1� ✏t) =

p
1� (1� 2✏t)2



Boosting
So let’s finish our proof on the bound of training 

error.
↵t =

1

2
ln

✓
1� ✏t
✏t

◆

Zt = ✏te
↵t + (1� ✏t)e

�↵t

Z2
t = ✏2t e

2↵t + 2✏t(1� ✏t) + (1� ✏t)
2e�2↵t

= ✏2t

✓
1� ✏t
✏t

◆
+ 2✏t(1� ✏t) + (1� ✏t)

2

✓
✏t

1� ✏t

◆

= 4✏t(1� ✏t)

Zt = 2
p
✏t(1� ✏t) =

p
1� (1� 2✏t)2



Boosting
So let’s finish our proof on the bound of training 

error.
↵t =

1

2
ln

✓
1� ✏t
✏t

◆

Zt = ✏te
↵t + (1� ✏t)e

�↵t

Z2
t = ✏2t e

2↵t + 2✏t(1� ✏t) + (1� ✏t)
2e�2↵t

= ✏2t

✓
1� ✏t
✏t

◆
+ 2✏t(1� ✏t) + (1� ✏t)

2

✓
✏t

1� ✏t

◆

= 4✏t(1� ✏t)

Zt = 2
p
✏t(1� ✏t) =

p
1� (1� 2✏t)2



Boosting
So let’s finish our proof on the bound of training 

error.
↵t =

1

2
ln

✓
1� ✏t
✏t

◆

Zt = ✏te
↵t + (1� ✏t)e

�↵t

Z2
t = ✏2t e

2↵t + 2✏t(1� ✏t) + (1� ✏t)
2e�2↵t

= ✏2t

✓
1� ✏t
✏t

◆
+ 2✏t(1� ✏t) + (1� ✏t)

2

✓
✏t

1� ✏t

◆

= 4✏t(1� ✏t)

Zt = 2
p
✏t(1� ✏t) =

p
1� (1� 2✏t)2



Boosting
So let’s finish our proof on the bound of training 

error.
↵t =

1

2
ln

✓
1� ✏t
✏t

◆

Zt = ✏te
↵t + (1� ✏t)e

�↵t

Z2
t = ✏2t e

2↵t + 2✏t(1� ✏t) + (1� ✏t)
2e�2↵t

= ✏2t

✓
1� ✏t
✏t

◆
+ 2✏t(1� ✏t) + (1� ✏t)

2

✓
✏t

1� ✏t

◆

= 4✏t(1� ✏t)

Zt = 2
p
✏t(1� ✏t) =

p
1� (1� 2✏t)2



Boosting
So let’s finish our proof on the bound of training 

error.

Training+error+of+final+classifier+is+bounded+by:+
+
+
+
+
+
+

21 

Dumb'classifiers'made'Smart'

If'each'classifier'is'(at'least'slightly)'bemer'than'random'''''εt'<'0.5'
'

AdaBoost'will'achieve'zero'training"error"exponen$ally'fast'(in'
number'of'rounds'T)'!!'

grows as εt  moves 
away from 1/2 

What about test error? 

Using 1-x ≤ e-x 

From class slides.


